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Chapter 1

Introduction

1.1 One-electron Atoms
• A hydrogenic atom with nuclear charge Z is described by the Hamiltonian

H = −
h̄2

2µ
∆ −

Ze2

4πϵ0r
, (1.1)

where r is the distance between the electron and the nucleus and

µ =
mNme

mN + me
(1.2)

is the reduced mass of the pair nucleus-electron.

• Since me ≪ mN the reduced mass µ is approximately the electron mass (µ ≃ me).

• The Laplacian operator ∆ in spherical coordinates reads

∆ =
1
r2

∂

∂r

(
r2 ∂

∂r

)
+

1
r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
r2 sin2 θ

∂2

∂ϕ2 . (1.3)

1.1.1 Schrödinger Equation

• The time-independent Schrödinger equation

HΨ(r, θ, ϕ) = EΨ(r, θ, ϕ) (1.4)

can be further separated by factoring the wavefunction

Ψ(r, θ, ϕ) = Rnl(r)Ym
l (θ, ϕ) (1.5)

where Ym
l (θ, ϕ) are the spherical harmonics and Rnl(r) is the radial part. More-

over, the wavefunctions Ψ(r, θ, ϕ) represent the one-electron atomic orbitals.

1



Chapter 1. Introduction 2

• Inserting (1.5) in (1.4) yields[
∂

∂r

(
r2 ∂

∂r

)
+

2mer2

h̄2 {E − V(r)}− l(l + 1)
]

Rnl(r) = 0 (1.6)[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂ϕ2 + l(l + 1)
]

Ym
l (θ, ϕ) = 0. (1.7)

• The spherical harmonics are described via the quantum numbers l and ml.

• For the Coulomb potential V(r) = −Ze2/4πϵ0r, the allowed orbital and mag-
netic quantum numbers are l = 0, 1, . . . , n − 1 and m = −l,−l + 1, . . . , l.

• The first few spherical harmonics are given

Y0
0 =

√
1

4π
(1.8)

Y0
1 (θ) =

√
3

4π
cos θ (1.9)

Y±1
1 (θ, ϕ) = ∓

√
3

8π
sin θe±iϕ. (1.10)

• The radial wavefunctions are given in terms of the quantum numbers n and l,
and are expressed via the Laguerre polynomials.

• The first few radial wavefunctions are

R10(r) = 2
(

Z
a0

)3/2

exp(−Zr/a0) (1.11)

R20(r) = 2
(

Z
2a0

)3/2(
1 −

Zr
2a0

)
exp(−Zr/2a0) (1.12)

R21(r) =
1√
3

(
Z

2a0

)3/2 Zr
a0

exp(−Zr/2a0) (1.13)

where
a0 =

h̄24πϵ0

mee2 = 0.529 × 10−10m = 0.529
◦
A (1.14)

is the Bohr radius.

• The associated energies with Ψ are given by

En = −

(
e2

4πϵ0a0

)
︸ ︷︷ ︸
=1 Hartree

Z2

2n2 , n = 1, 2, 3, . . . (1.15)

where the first term is the typical energy unit in atomic physics of 1 Hartree (27.2 eV).



3 1.2. Atomic Spectra

• The transition frequency reads

ωn′,n = (En′ − En)/ h̄. (1.16)

• The figures (1.1) and (1.2) show the radial wavefunctions and the radial distribu-
tion functions r2|Rnl(r)|2 of hydrogen atom (Z = 1).

Fig. 1.1: Comparison between 1s, 2s and 3s orbitals.

• The figure (1.3) shows the comparison between 1s orbitals in H and He+.

• The figure (1.4) shows (l = 3, ml = 1)-f-orbital.

1.2 Atomic Spectra

• Consider a transition from a state (n, l, m) to an other (n′, l′, m′). This transition
is dipole allowed if

rn,l,m; n′,l′,m′ ̸= 0. (1.17)

• The integrals over angular parts contain the spherical harmonics and can be
evaluated separately, such that

rn,l,m; n′,l′,m′ ∝ ⟨l′, m′|r|l, m⟩ (1.18)

where ⟨r|l, m⟩ = Ym
l and ⟨l′, m′|r⟩ = (Ym′

l′ )∗.
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Fig. 1.2: Comparison between 3p, 3s and 3d orbitals.

Fig. 1.3: Comparison between 1s in H and He+.

• The spherical harmonics Ym
l and Ym′

l′ are eigenstates of the operators L⃗2 and Lz

(because of the central potential)

Lz|l, m⟩ = h̄m|l, m⟩ (1.19)
L2|l, m⟩ = h̄2l(l + 1)|l, m⟩. (1.20)



5 1.2. Atomic Spectra

Fig. 1.4: The (l = 3, ml = 1)-f-orbital.

1.2.1 Dipole Selection Rules

1.2.2 ∆m selection rule

• Since

[Lz, z] = 0 (1.21)
[Lz, x ± iy] = ±(x ± iy) h̄ (1.22)

we find

⟨l′, m′|z|l, m⟩(m′ − m) = 0 (1.23)
⟨l′, m′|x + iy|l, m⟩(m′ − m − 1) = 0 (1.24)
⟨l′, m′|x − iy|l, m⟩(m′ − m + 1) = 0. (1.25)

• Electric dipole transitions are only allowed (i.e. non zero matrix elements are
possible) if m′ = m or m′ = m ± 1. Thus the change of the magnetic quantum
number is

∆m = 0,±1. (1.26)

1.2.3 ∆l selection rule

• Using the commutator

[L2, [L2, r]] = 2 h̄2(rL2 + L2r) (1.27)
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we obtain

⟨l′, m′|r|l, m⟩(l + l′)(l + l′ + 2) [(l − l′)2 − 1]︸ ︷︷ ︸
(∗)

= 0. (1.28)

The factor (∗) is the important one for the selection rule and requires l′ = l ± 1,
or

∆l = ±1. (1.29)

1.2.4 Line Spectrum of Hydrogenic Atoms

• In the nonrelativistic case and for hydrogenic atoms, the eigenenergies of a given
state only depends on its principal quantum number n, while l and m produce
degenerate states.

• The photon energy of optical transition between levels nA and nB (with nA > nB)
becomes

h̄ωBA = 13.6 eV × Z2
(

1
n2

A
−

1
n2

B

)
. (1.30)

• The independent requirements

∆l = ±1, ∆m = 0,±1

on the quantum numbers of the involved states for dipole-allowed processes con-
siderably restrict the possible optical transitions.

• The figure (1.5) depicts the Grotrian diagram of the allowed transitions in
hydrogen.

E Consider a system of two particles m1 and m2 interacting mutually via the po-
tential V

(
|r1 − r2|

)
, where r = r1 − r2 is the relative coordinate.

1. Starting from the classical expression of the Hamiltonian

H =
p2

1
2m1

+
p2

2
2m2

+ V
(
|r1 − r2|

)
,

prove that Schrödinger equation reads

i h̄
∂

∂t
Ψ
(
r1, r2, t

)
=
[
−

h̄2

2m1
∇2

r1
−

h̄2

2m2
∇2

r2
+ V

(
r
)]

Ψ
(
r1, r2, t

)
.
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Fig. 1.5: Grotrian diagram for hydrogen atom. Numbers on the lines indicate wave-
lengths in Angström.

2. Introducing the relative coordinate r = r1 − r2 and the center of mass coor-
dinate R = m1r1+m2r2

m1+m2
, verify that

p2
1

2m1
+

p2
2

2m2
=

P2

2M
+

p2

2µ
, (1.31)

where P = MṘ and p = µṙ. Here M = m1 + m2 is the total mass µ =
m1m2

m1+m2
is the reduced mass.

3. Prove that it is possible to obtain equation (1.31) by introducing relative
and total momenta p = m2p1−m1p2

m1+m2
, P = p1 + p2, respectively.

4. Taking into account that P = −i h̄∇R and p = −i h̄∇r, check that
Schrödinger equation becomes

i h̄
∂

∂t
Ψ
(
R, r, t

)
=
[
−

h̄2

2M
∇2

R −
h̄2

2µ
∇2

r + V
(
r
)]

Ψ
(
R, r, t

)
.

5. By factoring the total wave function as

Ψ
(
R, r, t

)
= Φ(R)ψ(r) exp

[
− iEtott/ h̄

]
,
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check that Φ(R) and ψ(r) are governed by the equations

−
h̄2

2M
∇2

RΦ(R) = ECMΦ(R),[
−

h̄2

2µ
∇2

r + V
(
r
)]

ψ(r) = Eψ(r),

respectively, where Etot = ECM + E. Draw a conclusion from this exercise!



Chapter 2

Molecular Orbital Theory for H+
2

• A molecule consists of atoms. The quantum mechanical treatment of isolated
atoms leads to atomic orbitals centered at the origin of the coordinate system (i.e.,
where the atomic nucleus resides). It is now natural to compose the wavefunctions
of electrons over distributed atomic nuclei, as they appear in molecules from
atomic orbitals.

2.1 Molecular Hamiltonian and Born-Oppenheimer
Approximation

• The Hamiltonian for point-like electrons (Nel, rj, pj, me) and nuclei
(Nnuc, Z1, . . . , ZNnuc , RA, PA, MA) reads

Hmol = Tel + Vel−nuc + Vel−el + Tnuc + Vnuc−nuc (2.1)

9
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where

Tel =

Nel∑
j=1

p2
j

2me
(2.2)

Tnuc =
Nnuc∑
A=1

P2
A

2MA
(2.3)

Vel−el =
1
2

∑
i ̸=j

e2

4πϵ0|ri − rj|
(2.4)

Vnuc−nuc =
1
2

∑
A ̸=B

ZAZBe2

4πϵ0|RA −RB|
(2.5)

Vel−nuc = −
∑
j ̸=A

ZAe2

4πϵ0|rj −RA|
. (2.6)

• Seeking for solution of time-independent Schrödinger equation

HmolΨmol(r, R) = EΨmol(r, R) (2.7)

• Due to the mass difference me/MA < 10−3, it is reasonable to consider that
electrons are much faster than nuclei. More precisely, nuclei can be considered
fixed while electrons are moving. Therefore we neglect kinetic energy of nuclei in
electronic problem. This is known as Born-Oppenheimer approximation.

• The electronic Hamilton operator is given by

Hel(R) = Tel + Vel−el + Vel−nuc(R) (2.8)

where the dependence on positions of nuclei is parametric.

• Therefore, the electronic Schrödinger equation reads

Hel(R)Ψel(r, R) = E(R)Ψel(r, R) (2.9)

where the electronic wavefunctions as well as eigenvalues carry parametric depen-
dence on nuclear coordinates.

• In non-relativistic formulation spin is introduced as an additional degree of free-
dom which has two possible states α (spin-up) or β (spin-down). Further, we can
introduce ms as a kind of spin coordinate which can take the values ±1/2.
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• α and β can be viewed as depending on spin-coordinate such that

α(ms) −→ α(1/2) = 1, α(−1/2) = 0

β(ms) −→ β(1/2) = 0, β(−1/2) = 1. (2.10)

• These state functions are orthogonal and normalized according to

⟨α|β⟩ = 0 (2.11)∑
ms=±1/2

|α(ms)|
2 = |α(1/2)|2 + |α(−1/2)|2 = 1. (2.12)

• The spatial and spin coordinates are comprised as follows

{xi} ≡ (x1, x2, . . . , xN), x ≡ (r, ms). (2.13)

2.2 Atomic Units

• In electronic structure theory it is common to use atomic units, which are best
motivated by looking at the Schrödinger equation for the H-atom(

−
h̄2

2me
∆r −

e2

4πϵ0r

)
|ψ⟩ = E|ψ⟩. (2.14)

• The energy eigenvalues are

En = −

(
e2

4πϵ0a0

)
1

2n2 = −
Eh
2n2 . (2.15)

• The characteristic energy is the Hartree

1 Eh =
e2

4πϵ0a0
= 4.35975 × 10−18 J = 27.2114 eV = 2.195 × 105 cm−1(×hc).

(2.16)

• The characteristic length is the Bohr radius

a0 =
h̄24πϵ0

mee2 = 0.5292 × 10−10m (2.17)

• Scaling of lengths and energies: r = r̃a0, E = ẼEh, the Schrödinger equation
in atomic units reads (

−
1
2

∆̃r −
1
r̃

)
|ψ⟩ = Ẽ|ψ⟩. (2.18)
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E Consider the Lennard-Jones interatomic potential for argon,

V(r) = 4ϵ

[(
σ

r

)12

−

(
σ

r

)6]
, (2.19)

where r is the interatomic distance, ϵ = 3.4 kJ ·mol−1 is the depth of the potential
well and σ = 3.4 Å is the separation distance at which the potential is zero:
V(σ) = 0. Figure (2.1) shows scaled plots of energy V(r) and the force F(r) with
respect to r.

Fig. 2.1: Lennard-Jones potential function V(r) (in units of kJ · mol−1) and
corresponding force function F(r) between two argon atoms, which are related by
F(r) = −dV(r)/dr. The plotted curves are for a Lennard-Jones potential, Eq.
(2.19), with parameters ϵ = 3.4 kJ · mol−1 and σ = 3.4 Å.

1. What is the meaning of the exponent 6 in the second term of this expression
(i.e., why is the exponent necessarily chosen to be 6).

2. Calculate the separation distance r = re when the energy is minimum (equi-
librium) value, Vmin.

3. Calculate the ratio of Vmin to the second term of the interaction potential
at re.

4. Calculate the ratio of re to σ.
5. Calculate the ratio rs to σ, where rs is the separation where the magnitude

of the force is maximum, Fmax.
6. Indicate the distances re, σ, and rs on the curves.
7. Calculate the effective spring constant k of the bond for small displacement

about the equilibrium position.
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2.3 H+
2 Molecule

• The simplest example is the H+
2 molecule, consisting of two protons (A, B) and

one electron e− (see figure 2.2).

Fig. 2.2: H+
2 molecule. The proton A is separated by the internuclear distance R from

the proton B. The electron is located at P where rA and rB are distances with respect
to proton A and B, respectively.

• The Hamiltonian reads

H = −
1
2
∇2 −

1
rA

−
1
rB

+
1
R

. (2.20)

The first term here represents the electron’s kinetic energy, the second and third
its potential energy due to its attractive interactions with nuclei A and B and the
final term is due to the repulsion of the nuclei (separated by the bond length, R).

• At first glance, it is surprising that this molecular ion is stable. (Why?)

• The corresponding electronic Schrödinger equation for a given internuclear
distance R can be solved numerically, but here we are looking for an analytical
method that captures the essential physics.

2.4 Linear Combination of Atomic Orbitals

• For the molecular wavefunction, we use the two linear combination of atomic
orbitals (LCAO) approaches:

Ψ = cAψA + cBψB. (2.21)
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• One can now use these two approaches as variational approaches

E(R) =
∫

d3rΨ∗HΨ∫
d3r|Ψ|2

(2.22)

and vary with respect to R. This allows one to find the internuclear distance that
minimizes the total energy.

• Since hydrogen atoms are identical we seek for solutions fulfilling |cA| = |cB|, that
is

Ψ± = c±(ψA ± ψB), (2.23)

where the normalized atomic ground state wavefunctions for the electron in atomic
hydrogen (centered at the origin) ψA and ψB are given by

ψA =
1√
π

e−rA , ψB =
1√
π

e−rB . (2.24)

• The normalization condition for molecular wavefunctions, ⟨Ψ±|Ψ±⟩ = 1, yields

⟨Ψ±|Ψ±⟩ = |c±|2
[
⟨ψA|ψA⟩+ ⟨ψB|ψB⟩ ± ⟨ψA|ψB⟩ ± ⟨ψB|ψA⟩

]
= 1. (2.25)

• Since ⟨ψA|ψA⟩ = ⟨ψB|ψB⟩ = 1 we obtain that

|c±|2
[
2 ± 2S

]
= 1 =⇒ c± =

1√
2(1 ± S)

, (2.26)

where
S = ⟨ψA|ψB⟩ = ⟨ψB|ψA⟩ (2.27)

is called the overlap integral.

• We have to keep in mind that the functions ψA and ψB are not orthogonal, i.e.
the integral

S =

∫
d3rψ∗

AψB (2.28)

is not equal to zero.

• We will calculate this integral and others similar to it using Sympy.
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• Let us now calculate the expectation value of the energy E± = ⟨Ψ±|Ĥ|Ψ±⟩, i.e.

1
|C±|2

E± = ⟨ψA|

(
−

1
2
∇2 −

1
rA

−
1
rB

+
1
R

)
|ψA⟩

+⟨ψB|

(
−

1
2
∇2 −

1
rA

−
1
rB

+
1
R

)
|ψB⟩

±⟨ψA|

(
−

1
2
∇2 −

1
rA

−
1
rB

+
1
R

)
|ψB⟩

±⟨ψB|

(
−

1
2
∇2 −

1
rA

−
1
rB

+
1
R

)
|ψA⟩. (2.29)

• For an isolated hydrogen atom(
−

1
2
∇2 −

1
rA

)
ψA = E1sψA, (2.30)(

−
1
2
∇2 −

1
rB

)
ψA = E1sψB, (2.31)

where E1s is the corresponding energy.

• Moreover
⟨ψA|

1
R
|ψA⟩ = ⟨ψB|

1
R
|ψB⟩ =

1
R

(2.32)

and
⟨ψA|

1
R
|ψB⟩ = ⟨ψB|

1
R
|ψA⟩ =

S
R

. (2.33)

• There are two other types of integrals

⟨ψA|
1
rB

|ψA⟩ = ⟨ψB|
1

rA
|ψB⟩ (2.34)

and
⟨ψA|

1
rB

|ψB⟩ = ⟨ψB|
1

rA
|ψA⟩. (2.35)

• The integral (2.34) is the Coulomb potential felt by the orbital ψA(ψB) due to
nucleus B(A).

• The Coulomb integral is defined as

J = −⟨ψA|
1
rB

|ψA⟩+
1
R

. (2.36)

• The Exchange integral reads

K = −⟨ψA|
1
rB

|ψB⟩+
S
R

. (2.37)
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• Using these definitions, we obtain

1
|C±|2

E± = 2E1s ± 2SE1s + 2J ± 2K, (2.38)

hence

E± = E1s +
J ± K
1 ± S

. (2.39)

• The integrals S, J, and K cannot be evaluated in cartesian or spherical coordinates.

E The elliptical coordinates (λ, µ, φ) are defined as
λ = rA+rB

R

µ = rA−rB
R

φ = arctan
( y

x
) (2.40)

where 1 ≤ λ < ∞,−1 ≤ µ ≤ 1, and φ is the azimuthal angle around the
intermolecular axis, 0 ≤ φ ≤ 2π. The two protons are sitting in the focal points
(see figure 2.2).

1. Converting elliptical coordinates (λ, µ, φ) into the cartesian coordinates (x, y, z)
through 

x = R
2

√
(λ2 − 1)(1 − µ2) cos φ

y = R
2

√
(λ2 − 1)(1 − µ2) sin φ

z = R
2 λµ,

(2.41)

deduce that the volume element is

d3r =
(

R
2

)3

(λ2 − µ2)dλdµdφ, (2.42)

and the atomic orbital wavefunctions are

ψA =
1√
π

exp
[
−

R
2
(λ + µ)

]
and ψB =

1√
π

exp
[
−

R
2
(λ − µ)

]
.

(2.43)

2. Use SymPy to evaluate S, J, and K integrals.
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The overlap integral is easier to handle in these coordinates

S = ⟨ψA|ψB⟩

=

∫
d3rψ∗

AψB

=
1
π

∫ 2π

0

∫ 1

−1

∫∞
1

exp
[
−

R
2
(λ + µ)

]
exp

[
−

R
2
(λ − µ)

]
R3

8
(λ2 − µ2)dλdµdϕ

=
R3

4

∫ 1

−1

∫∞
1

e−λR(λ2 − µ2)dλdµ

=

(
R2

3
+ R + 1

)
e−R. (2.44)

Similarly, the Coulomb integral reads

J = −
1
π

∫ 2π

0

∫ 1

−1

∫∞
1

exp [−R(λ + µ)]
R
2 (λ − µ)

R3

8
(λ2 − µ2)dλdµdϕ +

1
R

= −
R2

2

∫ 1

−1

∫∞
1

e−(λ+µ)R(λ + µ
)
dλdµ +

1
R

=
(R + 1)e−2R

R
. (2.45)

Moreover, the exchange integral is

K = −
1
π

∫ 2π

0

∫ 1

−1

∫∞
1

exp
[
−

R
2
(λ + µ)

]
exp

[
−

R
2
(λ − µ)

]
×R3

8
(λ2 − µ2)dλdµdϕ +

S
R

= −
R2

2

∫ 1

−1

∫∞
1

e−λR(λ + µ
)
dλdµ +

S
R

= −(R + 1)e−R +
S
R

. (2.46)

3. Use the results of integrals S, J and K to plot the potential energy curves
E± = J±K

1±S , i.e., E1s = 0, for the bonding and anti-bonding states of H+
2

molecule, respectively, as a function of the internuclear distance R.

• The normalized molecular orbitals follow from symmetry arguments as

Ψ+ = σg = [2(1 + S)]−1/2 (ψA + ψB) "symmetric" (2.47)
Ψ− = σu = [2(1 − S)]−1/2 (ψA − ψB) "anti-symmetric". (2.48)

where the index g stands for even (German: gerade) and u stands for odd (Ger-
man: ungerade).
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Fig. 2.3: Potential energy curve for bonding state (blue curve). Potential energy curve
for anti-bonding state (orange curve).

Fig. 2.4: The bonding molecular orbital wavefunction Ψ+.
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Fig. 2.5: The anti-bonding molecular orbital wavefunction Ψ−.
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Chapter 3

Many-electron Molecules

• We want to discuss the general properties of the electronic wavefunction within the
Born-Oppenheimer approximation (skip explicit reference to electronic quan-
tities as well as parametric dependence on R).

• The standard example for many-electron molecule: H2-like system in atomic units
(skip tilde)

H ≡ Hel =
2∑

i=1

h(ri) +
1

r12
, (3.1)

where h(ri) is the single particle Hamiltonian

h(ri) = −
1
2

∆i −
∑

A

ZA

riA
. (3.2)

• The Hamiltonian is symmetric, i.e.

H(x1, x2) = H(x2, x1). (3.3)

3.1 Symmetry Postulate

• Since electrons are indistinguishable, any reasonable wavefunction should obey

|Ψ(x1, x2)|
2 = |Ψ(x2, x1)|

2 (3.4)

which implies that
Ψ(x1, x2) = cΨ(x2, x1) (3.5)

21
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Fig. 3.1: Two-electron molecule.

with
|c|2 = 1, i.e. c = eiα = ±1. (3.6)

• Symmetry postulate: The wavefunction for a system of identical particles is
either symmetric or anti-symmetric with respect to exchange of two particles.

• For electrons, the wavefunction is anti-symmetric, i.e.

Ψ(x1, x2) = −Ψ(x2, x1) (Pauli principle) (3.7)

• The consequence of x1 = x2 yields

Ψ(x1, x1) = −Ψ(x1, x1) ⇒ Ψ(x1, x1) = 0, (3.8)

hence Pauli repulsion.

3.1.1 Slater Determinant

• The electronic wavefunction is given in form of spin orbitals (SO)

φ(xi) = ψ(ri)g(msi) (3.9)

which is a restricted spin orbital since the spatial part is the same for α and β

spin functions. This is good for closed shell systems.

• Let us construct the wavefunction for H2–like molecules which obeys Pauli prin-
ciple.
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• In the case no Coulomb repulsion (1/r12 = 0) the Hamiltonian describes two
independent electrons in the field of the nuclei

H0 =
2∑

i=1

h(ri), (3.10)

where the Schrödinger equation for single independent electron is

h(ri)φj(xi) = ϵj φj(xi). (3.11)

• The electronic wavefunction takes form of Hartree product

Ψ({xi}) = φj(x1)φk(x2). (3.12)

E Suppose that the spin orbitals φj and φk are eigenfunctions of the one-electron
operator h with eigenvalues ϵj and ϵk, respectively. Show that the two Hartree
products

Ψ12({xi}) = φj(x1)φk(x2), Ψ21({xi}) = φj(x2)φk(x1)

and the Slater determinant

Ψ({xi}) =
1√
2

∣∣∣∣∣φj(x1) φk(x1)

φj(x2) φk(x2)

∣∣∣∣∣
are eigenfunctions of (3.10) with energy eigenvalue E = ϵj + ϵk.

• Let us now discuss the probability that one electron is in d3r1 and the other in
d3r2, i.e.

P(r1, r2)d3r1d3r2 =
∑
ms1

∑
ms2

|Ψ({xi})|
2d3r1d3r2

=
∑
ms1

∑
ms2

φj(x1)φ∗
j (x1)φk(x2)φ∗

k(x2)d3r1d3r2

=
∑
ms1

∑
ms2

ψj(r1)g(ms1)ψ
∗
j (r1)g∗(ms1)ψk(r2)g(ms2)ψ

∗
k (r2)g∗(ms2)d

3r1d3r2

=
∑
ms1

|g(ms1)|
2

︸ ︷︷ ︸
=1

|ψj(r1)|
2
∑
ms2

|g(ms2)|
2

︸ ︷︷ ︸
=1

|ψk(r2)|
2d3r1d3r2

= |ψj(r1)|
2|ψk(r2)|

2d3r1d3r2

= P(r1)P(r2)d3r1d3r2 (3.13)

which is the case of independent distribution; in particular P(r1, r1) ̸= 0 is pos-
sible what is not in accord with Pauli principle.
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• An anti-symmetric wavefunction is obtained by superposition of two Hartree
products

Ψ({xi}) =
1√
2

[
φj(x1)φk(x2)− φk(x1)φj(x2)

]
. (3.14)

• In 1929, Slater pointed out that anti-symmetric wavefunction can be written
in form of determinant

Ψ({xi}) =
1√
2

∣∣∣∣∣φj(x1) φk(x1)

φj(x2) φk(x2)

∣∣∣∣∣ (3.15)

– All elements of a row involve the same electron, all elements of a column
involve the same spin-orbital (leads naturally to Pauli principle).

– If any two rows of determinant are exchanged, sign of determinant changes.
– If any two columns of determinant are identical, determinant is zero.

• This has a consequence for probability P(r1, r2)d3r1d3r2:

– case of two opposite spins

φ1(x1) = ψ1(r1)α(ms1) and φ2(x2) = ψ2(r2)β(ms2). (3.16)

Inserting (3.16) in (3.14) and integration of spin variables leads to

P(r1, r2)d3r1d3r2 =
1
2
(
|ψ1(r1)|

2|ψ2(r2)|
2 + |ψ1(r2)|

2|ψ2(r1)|
2)d3r1d3r2

(3.17)
which is just an average over the two possibilities to distribute the electrons
over the two orbitals. Moreover, no correlation occurs. If both orbitals
are the same we recover the Hartree ansatz with restriction that both
electrons have different spins.

– case of two equal spins

φ1(x1) = ψ1(r1)α(ms1) and φ2(x2) = ψ2(r2)α(ms2). (3.18)

Inserting (3.18) in (3.14) and integration of spin variables leads to

P(r1, r2)d3r1d3r2 =
1
2
(
|ψ1(r1)|

2|ψ2(r2)|
2 + |ψ1(r2)|

2|ψ2(r1)|
2

+|ψ∗
1(r1)|ψ2(r1)|ψ

∗
2(r2)|ψ1(r2)

−|ψ1(r1)|ψ
∗
2(r1)|ψ2(r2)|ψ

∗
1(r2)

)
d3r1d3r2.

(3.19)

The extra terms lead to P(r1, r1) = 0, i.e. the wavefunction of two electrons
with parallel spins is correlated (exchange correlation, Fermi hole).
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E Consider the Slater determinant of the triplet configuration which is formed by
the spin orbitals (3.18).

a) Show that this Slater determinant indeed describes a triplet state, i.e. it
corresponds to the eigenvalue 2 h̄2 of the spin operator S2 of the two electron
system. Hint: S = S1 + S2.

b) Show that the two-electron density for real-valued spatial orbitals has the
following form

P(r1, r2) =
1
2
(
|ψ1(r1)|

2|ψ2(r2)|
2 + |ψ1(r2)|

2|ψ2(r1)|
2)

−ψ1(r1)ψ2(r1)ψ2(r2)ψ1(r2).

S

a) The case of triplet configuration corresponds to same spins, i.e.

φ1(x1) = ψ1(r1)α(ms1) and φ2(x2) = ψ2(r2)α(ms2),

hence the Slater determinant reads

ΨT({xi}) =
1√
2

∣∣∣∣∣ψ1(r1)α(ms1) ψ2(r1)α(ms1)

ψ1(r2)α(ms2) ψ2(r2)α(ms2)

∣∣∣∣∣
=

1√
2
[ψ1(r1)α(ms1)ψ2(r2)α(ms2)− ψ2(r1)α(ms1)ψ1(r2)α(ms2)] .

The S2 operator can be written as

S2 = (S1 + S2)
2

= S2
1 + S2

2 + 2S1 · S2

= S2
1 + S2

2 + 2S1xS2x + 2S1yS2y + 2S1zS2z

= S2
1 + S2

2 + S1+S2− + S1−S2+ + 2S1zS2z,
(3.20)

where

Si+α(msi) = 0

Si−α(msi) = h̄
√
(si + msi)(si − msi + 1)β(msi)

Si+β(msi) = h̄
√
(si − msi)(si + msi + 1)α(msi)

Si−β(msi) = 0
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with i = 1, 2 and

S2
1α(ms1) = h̄2 1

2

(
1
2
+ 1
)

α(ms1) =
3
4

h̄2α(ms1)

S2
2α(ms2) = h̄2 1

2

(
1
2
+ 1
)

α(ms2) =
3
4

h̄2α(ms2)

S1+S2−α(ms1)α(ms2) = S1−S2+α(ms1)α(ms2) = 0

S1zS2zα(ms1)α(ms2) =

(
h̄
2

)(
h̄
2

)
α(ms1)α(ms2) =

h̄2

4
α(ms1)α(ms2).

(3.21)
Finally we obtain

S2ΨT =

(
3
4

h̄2 +
3
4

h̄2 +
h̄2

4
+

h̄2

4

)
ΨT = 2 h̄2ΨT = h̄2(1)(1 + 1)ΨT, (3.22)

thus S = 1, i.e. triplet state.

b) Let us now discuss the probability that one electron is in d3r1 and the other in
d3r2, i.e.
P(r1, r2)d3r1d3r2 =

∑
ms1

∑
ms2

|ΨT({xi})|
2d3r1d3r2

=
1
2

∑
ms1

∑
ms2

∣∣ψ1(r1)α(ms1)ψ2(r2)α(ms2)

−ψ2(r1)α(ms1)ψ1(r2)α(ms2)
∣∣2d3r1d3r2

=
1
2

∑
ms1

∑
ms2

(
ψ1(r1)α(ms1)ψ2(r2)α(ms2)

−ψ2(r1)α(ms1)ψ1(r2)α(ms2)
)(

ψ∗
1(r1)α

∗(ms1)ψ
∗
2(r2)α

∗(ms2)

−ψ∗
2(r1)α

∗(ms1)ψ
∗
1(r2)α

∗(ms2)
)
d3r1d3r2

=
1
2

∑
ms1

∑
ms2

(
|ψ1(r1)|

2|ψ2(r2)|
2|α(ms1)|

2|α(ms2)|
2

+|ψ2(r1)|
2|ψ1(r2)|

2|α(ms1)|
2|α(ms2)|

2

−ψ1(r1)|α(ms1)|
2ψ∗

2(r1)ψ2(r2)|α(ms2)|
2ψ∗

1(r2)

−ψ2(r1)|α(ms1)|
2ψ∗

2(r1)ψ1(r2)|α(ms2)|
2ψ∗

1(r2)
)
d3r1d3r2

=
1
2
(
|ψ1(r1)|

2|ψ2(r2)|
2 + |ψ1(r2)|

2|ψ2(r1)|
2

+ψ∗
1(r1)ψ2(r1)ψ

∗
2(r2)ψ1(r2)

−ψ1(r1)ψ
∗
2(r1)ψ2(r2)ψ

∗
1(r2)

)
d3r1d3r2.



27 3.2. The Minimal Basis for H2-Molecule

For real-valued spatial orbitals

P(r1, r2) =
1
2
(
|ψ1(r1)|

2|ψ2(r2)|
2 + |ψ1(r2)|

2|ψ2(r1)|
2)

−ψ1(r1)ψ2(r1)ψ2(r2)ψ1(r2).

• In general, we use instead of an infinite set of spin-orbitals a finite one with K
spatial orbitals and 2K spin orbitals over which the electrons are distributed.

• Let i = 1, 2, . . . , K where

φ2i−1(x) = ψi(r)α(ms) φ2i(x) = ψi(r)β(ms) (3.23)

• The Slater determinant (SD) can be genaralized to N electrons

Ψ({xi}) =
1√
N!

∣∣∣∣∣∣∣∣∣
φi(x1) φj(x1) · · · φk(x1)

φi(x2) φj(x2) · · · φk(x2)
... ... . . . ...

φi(xN) φj(xN) · · · φk(xN)

∣∣∣∣∣∣∣∣∣ . (3.24)

3.2 The Minimal Basis for H2-Molecule

3.2.1 Ground State

• We introduce the simplest model where the Hamiltonian has the form

H = H0 +
1

r12
, H0 = h(r1) + h(r2). (3.25)

• The H2 molecule is composed of two H atoms, each described by a 1s atomic
orbital

φi(r−Ri) =
1√
π

e−|r−Ri |, i = 1, 2 (3.26)

• The two molecular orbitals (MOs) can be formed by linear superposition (LCAO
MO) of these two atomic orbitals (AOs) linear superposition (LCAO MO)

Ψi(r) =
2∑

µ=1

Cµi φµ(r). (3.27)
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• The normalized molecular orbitals follow from symmetry arguments as

Ψ1 = σg = [2(1 + S12)]
−1/2 (φ1 + φ2) (3.28)

Ψ2 = σu = [2(1 − S12)]
−1/2 (φ1 − φ2) (3.29)

⟨Ψ1|Ψ2⟩ = δ12. (3.30)

Fig. 3.2: The bonding molecular orbital probability density |Ψ1|
2.

Fig. 3.3: The anti-bonding molecular orbital probability density |Ψ2|
2.

• Since AOs are not normalized the overlap integral enters these MOs

S12 =

∫
d3rφ∗

1(r)φ2(r) =
(

1 + RAB +
R2

AB
3

)
e−RAB . (3.31)

• There are four possible SOs

φ1(x) = ψ1(r)α(ms) φ2(x) = ψ1(r)β(ms) (3.32)
φ3(x) = ψ2(r)α(ms) φ4(x) = ψ2(r)β(ms) (3.33)
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• It is to be expected that φ1 and φ2 have the same energy which is lower than
that of the pair φ3 and φ4.

• The single SD ground state is given by

|Ψ0⟩ = |φ1 φ2⟩→ Ψ0(x1, x2) =
1√
2
(φ1(x1)φ2(x2)− φ1(x2)φ2(x1)) (3.34)

• σ- and π- orbitals: σ-orbital is a combination of two s- and p-orbitals aligned
along the bond. σ-orbital extends along bond axis. π-orbital is a combination of
two p-orbitals aligned perpendicular to the bond, has nodal plane containing the
bond axis.
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3.3 The energy of SD ground state

• Consider a general integral for the operator O12 = O21

⟨Ψ0|O12|Ψ0⟩ =
∫

dx1dx2 [φ
∗
1(x1)φ1(x1)O12 φ∗

2(x2)φ2(x2)− φ∗
1(x1)φ2(x1)O12 φ∗

2(x2)φ1(x2)] .
(3.35)

• The transition to spatial orbitals yields∫
dx1dx2 φ∗

i (x1)φj(x1)O12 φ∗
k(x2)φl(x2) =

∫
d3r1d3r2ψ∗

i (r1)ψj(r1)O12ψ∗
k (r2)ψl(r2)

×
∑
ms1

g∗i (ms1)gj(ms1)
∑
ms2

g∗k (ms2)gl(ms2).

(3.36)

• Due to orthogonality of spin functions the integral will be different from zero only
if gi(ms1) = gj(ms1) and gk(ms2) = gl(ms2).

• For the present case only the first integral in the energy expression is non-zero.

• Consider one-electron operators

⟨Ψ0|h(r1) + h(r2)|Ψ0⟩ =

∫
d3r1ψ∗

1(r1)h(r1)ψ1(r1)

+

∫
d3r2ψ∗

1(r2)h(r2)ψ1(r2) ≡ 2h11. (3.37)

• The notation for one-electron integrals reads

hij =

∫
d3r1ψ∗

i (r1)h(r1)ψj(r1). (3.38)

• Moreover, consider the two-electron operator: respective matrix element is
called Coulomb integral

Jij =

∫
d3r1d3r2 |ψi(r1)|

2 1
r12

∣∣ψj(r2)
∣∣2 . (3.39)

• Hence, the ground state energy of single determinant minimal basis set H2 is

E0 = 2h11 + J11. (3.40)
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• We summarize the interpretation of single determinant ground state energy for
H2 as

1. Each electron in a SO contributes the one-electron energy, here h11 which is
energy in field of static nuclei plus kinetic energy.

2. The pair of electrons with opposite spin in their spatial orbital contribute
a two-electron energy, J11 which can be interpreted as the classical-like
Coulomb interaction of the charge densities |ψ1(r1)|

2 and |ψ1(r2)|
2.

3.3.1 Excited Determinants

• So far we have discussed only one possibility for the distribution of the two elec-
trons over the available 4 spin orbitals; in general for N electrons and 2K spin
orbitals there are (2K)!/(N!(2K − N)!) possibilities, i.e. 6 in the present case

• Closed shell configurations:

(1) |Ψ0⟩ = |φ1 φ2⟩

is a singlet state ((1σg)2, |g2⟩); E(g2) = 2h11 + J11.

(2) |Ψ22̄
11̄⟩ = |φ3 φ4⟩

is a singlet state ((1σu)2, |u2⟩); E(u2) = 2h22 + J22 (doubly excited determi-
nant).

• Open shell configurations:

(3) |Ψ2̄
1⟩ = |φ2 φ4⟩

(4) |Ψ2
1̄⟩ = |φ1 φ3⟩

are triplet states ((1σg)1, (1σu)1) (singly excited determinant).



Chapter 3. Many-electron Molecules 32

• The configurations (5) and (6) require special treatment since they correspond
to MS = ms1 + ms2 = 0, i.e. they are degenerate and not eigenfunctions of
S2; to find simultaneous eigenfunctions for Sz and S2 one has to choose linear
combinations of spin functions (so-called spin-adapted configuration which are
important for describing dissociation into open shell fragments).

• Energies of triplet states:

– Consider the configuration (3)

E(3) = ⟨φ2 φ4|H|φ2 φ4⟩

– The one-electron energies are h11 + h22.
– The two-electron energies include the Coulomb integral J12, but here also

a second integral contributes which is of the type

Kij =

∫
d3r1d3r2ψ∗

i (r1)ψ
∗
j (r1)

1
r12

ψj(r2)ψi(r2) (3.41)

is known as the exchange integral which is due to asymmetry of wavefunction,
and has no classical counterpart.

• The energy of (3) reads

E(3) = h11 + h22 + J12 − K12.

• The second triplet state has an equal energy

E(4) = E(3).

• The general rules for determination of energies of SDs are:

1. Each electron in spatial orbitals contributes hii independent on spin.
2. Each pair of electrons in spatial orbitals ψi(r) and ψj(r) contributes Coulomb

energy Jij independent on spin.
3. Each pair of electrons in spatial orbitals ψi(r) and ψj(r) having same spin

contributes exchange energy −Kij.

E Consider a three-electron system with three spatial orbitals. Determine the ex-
pectation value of the Hamiltonian

H = h(⃗r1) + h(⃗r2) + h(⃗r3) +
1

r12
+

1
r13

+
1

r23
,

assuming a single SD wavefunction for the following configurations.
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E The molecular orbitals MOs are filled with the electrons of the involved atoms in
order of increasing energy, which in general is the following:

1sσ, 2sσ, 2pσ, 2pπ, 3sσ, 3pσ, 3pπ, 3dσ, 3dπ, . . .

All MOs for homonuclear diatomic molecules have either σ or π and either g
or u symmetry with respect to rotation about the molecular axes and inversion
through the center of molecule, respectively. Note that σg and πu are bonding
MOs, whereas σ∗

u and π∗
g are antibonding MOs. Give the ground-state electron

configurations of H2
+, H2, He2

+, He2, Li2, B2, C2, N2, O2 and F2.

E The molecular orbital energy level diagram for heteronuclear diatomic molecules is
similar to that for homonuclear ones except that the atomic orbitals on both atoms
are no longer at the same energies. Moreover, since the heteronuclear diatomic
molecule no longer has a center of symmetry the notation g/u is not applicable
anymore. Give the ground-state electron configurations of LiH, CH, HF, CO, NO, PN,
and XeF.

E Consider singly excited determinants with MS = 0 for the minimal basis set H2
molecule.

a) Show that they are not simultaneous eigenfunctions of Ŝ2 and Ŝz.
b) Create (anti)symmetric combinations (spin-adapted configurations) and show

that they are eigenfunctions of Ŝ2 and Ŝz.
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3.4 Hybridization

• Hybrid orbitals are often constructed from the linear combination of atomic or-
bitals with similar energy.

• Hybrid orbitals are chosen in a way that the overlap between bond partners is
large as possible.

• If only s and p orbitals are considered, the result is called sp-hybridization.

• In the case of ground-state carbon atom (1s)2(2s)2(2px)(2py) two unpaired elec-
trons in px and py orbitals. If, for example, two hydrogen atoms would bond
to the carbon atom, a maximum overlap occurs in x and y directions producing
bond angle of 90◦. As both px and py orbitals are occupied by one electron, only
the pz is available for hybridization.

• Since the difference in energy between 2s and 2p states is not very large (∼ 4 eV),
the energy needed to promote the 2s electron is overcompensated by the gain in
bonding energy making them practically degenerate in energy (this is the case of
time-independent perturbation theory in the presence of degeneracy).

• In sp1-hybridization two additional bonds for carbon atom in the ±z-direction.
The residual two 2p-orbitals (px and py) lead to two π-bonds.

• The two possible (orthogonal) spz hybrid atomic orbitals are

ϕ1(s, pz) = c1ϕ(s) + c2ϕ(pz) (3.42)
ϕ2(s, pz) = c3ϕ(s) + c4ϕ(pz). (3.43)

• Since ϕ1 and ϕ2 are orthonormal, i.e.∫
|ϕi|

2dV = 1,
∫

ϕ∗
1ϕ2dV = 0 (3.44)

we obtain
c1 = c2 = c3 =

1√
2
; c4 = −

1√
2

, (3.45)

so the two hybrid atomic orbitals are

ϕ1 =
1√
2

[
ϕ(s) + ϕ(pz)

]
(3.46)

ϕ2 =
1√
2

[
ϕ(s)− ϕ(pz)

]
. (3.47)
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• Substituting the atomic hydrogen wavefunctions for ϕ(s) and ϕ(pz) yields the
normalized angular part of hybrid orbitals to be

ϕ1,2(θ) =
1

2
√

π

[
1 ±

√
3 cos θ

]
, (3.48)

where θ is the angle with respect to z-axis. Therefore

– |ϕ1|
2 is maximum at θ = 0◦, and

– |ϕ2|
2 is maximum at θ = 180◦.

• Examples of sp1-hybridization are CO2 ”Carbon dioxide” and C2H2 ”Acetylene”,
two double bonds in CO2 and one triple bond in C2H2: the residual two 2p-
orbitals (px and py) lead to two π-orbitals.

• In some cases, s and p electrons assume a charge distribution given as linear
combination of an s-orbital and two p-orbitals (sp2-hybridization):

ϕ1(sp2) =
1√
3

ϕ(s) +
√

2
3

ϕ(px) (3.49)

ϕ2(sp2) =
1√
3

ϕ(s)− 1√
6

ϕ(px) +
1√
2

ϕ(py) (3.50)

ϕ3(sp2) =
1√
3

ϕ(s)− 1√
6

ϕ(px)−
1√
2

ϕ(py), (3.51)

and the angular parts read

ϕ1(φ) =
1

2
√

π

[√
1
3
+
√

2 cos φ

]
(3.52)

ϕ2(φ) =
1

2
√

π

[√
1
3
−

1√
2

cos φ +

√
3
2

sin φ

]
, ϕ3(φ) =

1
2
√

π

[√
1
3
−

1√
2

cos φ −

√
3
2

sin φ

]
,

where φ is the angle towards x-axis.
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• Three maxima are occuring at φ = 0◦ for ϕ1, φ = 120◦ for ϕ2, and φ = 240◦ for
ϕ3.

• sp2-hybridization: two p-orbitals (px and py) are combined with 2s-orbital result-
ing in three hybrid orbitals. The residual p-orbital is responsible for π-bond.

• Examples of sp2-hybridization are C2H4 ”Ethylene”, C6H6 ”Benzene”, and CH2O
”Formaldehyde”.

• In some cases, for example methane molecule, CH4, the atomic orbitals of carbon
are described via sp3-hybridization where all three 2p-orbitals are combined with
2s-orbital resulting in four hybrid orbitals.

• The orthonormal hybrid functions are

ϕ1(sp3) =
1
2

ϕ(s) +
√

3
2

ϕ(pz) (3.53)

ϕ2(sp3) =
1
2

ϕ(s) +
√

2
3

ϕ(px) +
1

2
√

3
ϕ(pz) (3.54)

ϕ3(sp3) =
1
2

ϕ(s)− 1√
6

ϕ(px) +
1√
2

ϕ(py)−
1

2
√

3
ϕ(pz), (3.55)

ϕ4(sp3) =
1
2

ϕ(s)− 1√
6

ϕ(px)−
1√
2

ϕ(py)−
1

2
√

3
ϕ(pz). (3.56)

(3.57)
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3.5 Delocalized π-oribtals

• In case of butadiene (CH2=CH–CH=CH2), the delocalized four π-orbitals arise
due to the overlap of four p-orbitals of the sp2-hybridized carbon atoms extending
over the molecular backbone. Butadiene has two double bonds, each contributing
two π-orbitals formed by the overlap of p-orbitals on adjacent carbon atoms.
However, because the double bonds are separated by a single bond (σ-bond), the
p-electrons are not confined to just the two double bonds but are delocalized over
the entire four carbon π-system.

• This delocalization occurs through the overlap of the p-orbitals on all four car-
bon atoms, forming a conjugated π-system. The result is a set of four molecular
orbitals that span the molecule, with the π-electrons distributed across these
orbitals rather than being localized between specific carbon pairs. This delocal-
ization lowers the overall energy of the molecule. The lowest-energy molecular
orbital, for example, has all four p-orbitals in phase, allowing the π-electrons to
be spread over the entire carbon framework.
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• p-orbitals can combine to delocalized π-systems which are often forming the high-
est occupied molecular orbitals (HOMOs) and the lowest unoccupied molecular
orbitals (LUMOs) and then responsible for the optical properties.

3.6 Koopmans’ Theorem

• Koopmans’ theorem states that the ionization energy of a molecule is equal to
the orbital energy of the ejected electron.

• Let the binding energy of electron EB = εq where εq is the orbital energy obtained,
for example, from self-consistent Hartree-Fock calculations (see next section).

• This approximation does not account for

1. Reorganization energy of electrons in the resulting ion.

2. Difference of correlation energy between neutral molecule and ion.

• One of the main applications of Koopmans’ theorem is the photoelectron spec-
troscopy. The figure below shows the photoionisation (a) of an electron in the
valence shell (b) of an inner shell electron with X-rays (frequency ν) of a molecule.
The electron is ejected with kinetic energy

Ekin = hν − EB. (3.58)
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E Consider a photoelectron spectroscopy experiment with water as sample. What
kind of radiation should be used and why? The figure below shows the formation
of molecular orbitals by linear combination of atomic orbitals. Calculate the
kinetic energy of an electron emitted from the highest occupied molecular orbital
HOMO if the beam energy is 5 keV.

Fig. 3.4: Orbital energies of H2O with minimal basis set.

3.7 Hartee-Fock Equations

• Hartree Fock (HF) theory is the essential method used in most quantum
chemical calculations.

• It is based on single determinant description of wave function with spin orbitals
being determined by a variational procedure.

• Consider given 2K spin orbitals and N electrons to build single determinant
(Hartree Fock) ground state.

• The N orbitals filled (label a; b) reads

|Ψ0⟩ = |φ1 . . . φa φb . . . φN⟩, (3.59)
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and the remaining orbitals ”virtual orbitals” are empty (label s; r).

• Assume restricted description (closed shell) where spin orbitals have identical
spatial part

φi(x)→ ψj(r)α(ms) or ψj(r)β(ms).

• The ground state energy to be optimized with respect to a single determinant
wave function is given by

E0[{φa}] = ⟨Ψ0|H|Ψ0⟩

= 2
N/2∑

a
haa +

N/2∑
ab

(2Jab − Kab). (3.60)

• The form of the spin orbitals is optimized by a variational procedure subject to
the constraint that they are orthonormal

φa = φa + δφa, ⟨φa|φb⟩− δab = 0. (3.61)
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• The Lagrangian multiplier method

L[{φa}] = E0[{φa}]−
∑

ab

εab (⟨φa|φb⟩− δab) ⇒ δL = 0 (3.62)

gives an equation which determines the spatial orbitals is given by

f (r1)ψi(r1) = εiψi(r1). (3.63)

• The Fock operator

f (r1) = h(r1) +
N/2∑

b

[2Jb(r1)− Kb(r1)] ≡ h(r1) + vHF(r1) (3.64)

is an effective one-electron operator where

– h(r1) is the core operator,
– vHF(r1) is HF potential operator,
– the factor 2 for Coulomb operator comes from summation over spin up and

down orbitals,
– there is no such factor for the exchange operator since it concerns orbitals

with parallel spins only.

• The Coulomb operator

Jb(r1) =

∫
d3r2|ψb(r2)|

2 1
r12

(3.65)

is a local operator since

Jb(r1)ψa(r1) =

[∫
d3r2 |ψb(r2)|

2 1
r12

]
ψa(r1). (3.66)

It provides an effective one-electron potential acting on given electron due to all
other electrons (Jb contribution from electron in ψb), and the expectation value
leads to Coulomb integral

⟨ψa|Jb(r1)|ψa⟩ = Jab. (3.67)

• TheExchange operator

Kb(r1)ψa(r1) =

[∫
d3r2ψ∗

b (r2)
1

r12
ψa(r2)

]
ψb(r1) (3.68)

is a nonlocal operator coming from antisymmetrization of wave function and the
expectation value leads to exchange integral

⟨ψa|Kb(r1)|ψa⟩ = Kab. (3.69)
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• Note: HF equation depends via the Fock operator on its own solutions (non-
linear pseudo eigenvalue equation).

E The bond order b = 1/2(n − n∗), where n is the number of electrons in bonding
orbitals and n∗ of electrons in antibonding orbitals, is a measure for the net
bonding in diatomic molecules.

a) Determine the bond order for B2, C2, N2, O2 and Ne2.
b) What do we learn about chemical bonding in these examples?

E The ionization potential Ip = EN−1 − EN is the energy difference between a
molecule with N electrons and the one with (N − 1) electrons, i.e. where one
electron is removed from some orbital with energy εc.

a) Show that, if the energy relaxation of the spatial orbitals is neglected, the
ionization potential reads

Ip = −εc.

b) What follows for the electron affinity EA = EN − EN+1 if an electron is
added to the virtual orbital with energy εr?

E Assume that the ground state Slater-determinant |Ψ⟩ of an N-electron molecule
has been calculated from Hartree-Fock’s method. Proof Brillouin’s theo-
rem, which states that the matrix element of the Hamiltonian Ĥ between the
ground state and a single excited determinant |Ψr

a⟩ (i.e. one where an occupied
spin orbital a is replaced by virtual orbital r) reads

⟨Ψ|Ĥ|Ψr
a⟩ = 0.
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Molecular Transitions

• Spectroscopy is powerful tool to probe the microscopic world of atoms and molecules.

• The spectrum of absorption or emission consists of peaks, each of which is asso-
ciated with a transition between two energy levels of the system

hν = |E2 − E1|. (4.1)

• Spectroscopists commonly use the unit of cm−1 for the quantity wave mumber
ν̃ = 1/λ instead of the wavelength λ or frequency ν. the relationship between ν

and ν̃ is given by ν = cν̃, where c is the speed of light. Hence

|E2 − E1| = hcν̃. (4.2)

Spec. Range λ (m) ν (Hz) ν̄ (cm−1) Energy (J) Spec.
Radio > 0.1 < 3 × 109 > 0.1 < 2 × 10−24 NMR
Microwave 0.001 − 0.1 3 × 109 − 3 × 1011 0.1 − 10 2 × 10−24 − 2 × 10−22 Rot.
Infrared 7 × 10−7 − 10−3 3 × 1011 − 4 × 1014 10 − 104 2 × 10−22 − 3 × 10−19 Vib.
Visible 4 × 10−7 − 7 × 10−7 4 × 1014 − 7 × 1014 104 − 3 × 104 3 × 10−19 − 5 × 10−19 Elec.
UV 10−8 − 4 × 10−7 7 × 1014 − 3 × 1016 3 × 104 − 106 5 × 10−19 − 2 × 10−17 Elec.

4.1 Selection of Linear Effects Applied in Spec-
troscopy

• Linear optical processes produce a signal proportional to the intensity of the
incident light field, Iin. Examples include:

43
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– Absorption: Attenuation of light due to energy uptake by the medium.

– Luminescence: Emission of light (e.g., fluorescence, phosphorescence) fol-
lowing absorption or other excitation processes.

– Elastic scattering: Incoherent scattering, including:

∗ Rayleigh scattering: By bound charges, primarily electrons (e−).
∗ Thomson scattering: By free electrons (e−).
∗ Mie scattering: By particles with sizes comparable to the wavelength,

λ.

– Inelastic scattering: Incoherent scattering, including:

∗ Raman scattering: By molecules, resulting in energy shifts.
∗ Compton scattering: By electrons (e−), with energy loss.

• These processes span spectral ranges from radio frequencies to X-rays.

4.2 Dipole Transitions

4.2.1 Interaction with Electromagnetic Radiation

• The superposition of quantum eigenstates can generate an oscillating dipole mo-
ment, enabling interaction with the electromagnetic field of a wave.
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• Example: Consider a quantum system in a superposition of an s-wave and a
p-wave state, described by the time-dependent wave function:

ψ(t) =
1√
2

[
φse−iEst/ h̄ + φpe−iEpt/ h̄

]
, (4.3)

where φs andφp  are the stationary s- and p-wave functions, and Es and Ep are
their corresponding energies. The system evolves periodically with a time period
T = h/(Ep − Es). At times t = 0, 0.5T, 1T, 1.5T, 2T, 2.5T, 3T, . . . , the wave
function alternates between the symmetric and antisymmetric combinations:

1√
2

[
φs + φp

]
and 1√

2

[
φs − φp

]
.

This oscillation results in a time-dependent dipole moment, as the superposition
switches between these two states every half-period.

4.2.2 Electric Transition Dipole

• Most relevant are electric dipole transitions. The transition dipole moment reads

d⃗ = ⟨intitial state|q⃗r |final state⟩ (4.4)

where q is the charge, often one electron r⃗ is its spatial coordinate.

• The signal is proportional to |d⃗|2.

• Other transitions are possible but 1000 times weaker are magnetic dipole or
electric quadripole transitions.

4.2.3 Einstein Coefficients

• The basic principles involving photons are induced absorption, spontaneous emis-
sion, and stimulated emission.
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• Assume an idealized material with two nondegenerate energy levels, 1 and 2,
having populations N1 and N2, respectively. Moreover, let us consider that the
total number of atoms in these two levels is constant

N1 + N2 = N. (4.5)

• We can distinguish three forms of interaction between light and atoms (introduced
in 1917 by A. Einstein):

a) Spontaneous Emission, Fluorescence
An excited atom emits a photon spontaneously (or induced via vacuum
fluctuations) when the electron in the upper energy level E2 jumps to the
lower energy level E1. The rate dNsp

2 /dt describing the depopulation of E2

reads
dNsp

2
dt

= −A21N2, A21 =
1

τsp
(4.6)

where A21 is Einstein coefficient for spontaneous emission and τsp being
the lifetime for spontaneous radiation in the upper energy level. The emitted
photons are not coherent and the radiation is isotropic.

b) Stimulated Emission
An incoming photon induces an excited atom to emit another one. The
radiation is not isotropic (the emitted photons have the same direction and
with the same phase). The corresponding rate equation reads

dNst
2

dt
= −B21N2ρ(ν), (4.7)

where B21 is Einstein coefficient for the stimulated emission and ρ(ν) is
the spectral energy density.

c) Induced Absorption
An incoming photon is absorbed by an electron in the lower energy level E1,
and subsequently the electron jumps into the upper energy level E2:

dNabs
1

dt
= −B12N1ρ(ν), (4.8)

where B12 is Einstein coefficient for absorption.
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Fig. 4.1: Schematic illustration of the three processes: (a) spontaneous emission; (b)
stimulated emission; (c) absorption.

• With A21, B21 and B12 Einstein was able to derive Planck’s law for black-body
radiation.

• Combining the three processes, the change of upper- and lower-level populations
can be written as

dN1

dt
= −

dN2

dt
= B21N2ρ(ν)− B12N1ρ(ν) + A21N2. (4.9)

• The relation
dN2

dt
= −

dN1

dt
(4.10)

can be easily derived from Eq.(4.5).

• Assumption: atoms are in thermal equilibrium with a reservoir of temperature T
require equal numbers of ”upward” and ”downward” transitions such that

dN2

dt
=

dN1

dt
= 0, (4.11)

and the population N1 and N2 are given by the Boltzmann distribution N1 ∼

e−E1/kBT, N2 ∼ e−E2/kBT where kB = 1.38 × 10−23J.K−1 is the Boltzmann
constant. Hence

N2

N1
= e−

(E2−E1)
kBT = e−

hν
kBT (4.12)

where E2 − E1 = hν is the photon energy.

• Equation (4.12) implies that N1 > N2, thus more absorption than stimulated
emission.

• For high intense light, the spontaneous emission is negligible and, therefore, both
levels are equally populated, i.e., N1 ≈ N2.
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• Equation (4.11) yields

B21N2ρ(ν)− B12N1ρ(ν) + A21N2 = 0,

so that
N2

N1
=

B12ρ(ν)

B21ρ(ν) + A21
. (4.13)

Comparison Eq. (4.13) and (4.12) gives

ρ(ν) =
A21

B21

1

(B12
B21

e
hν

kBT − 1)
(4.14)

E What is the relation between coefficients A21, B21 and B12?

S Following Einstein approach for T −→∞ ↷ ρ(ν) −→∞ :
Since A21 <∞,

lim
T−→∞ρ(ν) = lim

T−→∞ A21

B12e
hν

kBT − B21

=∞
⇒ lim

T−→∞(B12 e
hν

kBT︸︷︷︸
=1

−B21) = 0

⇒ B12 = B21. (4.15)

Hence
ρ(ν) =

A21

B21(e
hν

kBT − 1)
(4.16)

• Now we compare with the experimental results of Rayleigh-Jeans at low fre-
quencies (ν −→ 0)

ρRJ(ν) =
8πν2

c3 kBT (4.17)

Taylor expansion around ν −→ 0:

e
hν

kBT =
∞∑

ν=0

(
hν

kBT

)ν 1
ν!

≈ 1 +
hν

kBT
(4.18)

thus
lim

ν−→0
ρ(ν) =

A21

B21(1 + hν
kT − 1)

=
A21

B21
hν
kT

=
A21

B21

kBT
hν

. (4.19)
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Comparing Eq.(4.17) with (4.19) yields

A21

B21

kBT
hν

!
=

8πν2

c3 kBT

⇒ A21

B21
=

8πhν3

c3 . (4.20)

ρ(ν) =
8πhν3

c3
1

e
hν

kBT − 1
. (4.21)

which is Planck’s law of black-body radiation.

• Note: The speed of light c is here the value in the medium c = c0/n, where c0

is the speed of light in vacuum and n is the index of refraction.

• Einstein derivation was a strong indication that the concept of quanta with
E = hν is correct.

• Planck’s law is universal since it is independent of the atoms that take part and
the particular energy levels. The only condition is that the body is able to absorb
photons of all frequencies.

• Example: Consider black-body radiation for a sphere filled with gas, in thermal
equilibrium T = 1000 ◦C. The ratio of spontaneous to stimulated emission is

1. For visible light, A21
B21

= 1010.

2. For radio frequencies, A21
B21

= 108.

E Write the rate equations for a degenerate two-level system (degeneracies g1, g2).
Assume thermal equilibrium for the radiation field and upper- and lower-level
populations, then derive the following relations for the Einstein coefficients:

g1

g2
B12 = B21 = B, (4.22)

A
B

=
8πhν3

c3 , (4.23)

A
Bρ(ν)

= exp[hν/kBT]− 1. (4.24)

• The Einstein coefficient for stimulated emission is related to transition dipole
moment as

B21 =
2π2

3ϵ0h2 |d⃗21|
2. (4.25)
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• Plugging (4.25) into (4.20) yields the Einstein coefficient for spontaneous emis-
sion

A21 =
16π3ν3

21
3ϵ0hc3 |d⃗21|

2. (4.26)

4.3 Rotational Spectroscopy

• The total wavefunction of a molecule is expressed as a product of distinct contri-
butions:

Ψtot = Ψinternal · Ψrot(θ, φ, ψ) · Ψtrans(RCM) (4.27)

This product form holds when the degrees of freedom are uncoupled and no
external forces act, i.e., for free motion.

– Ψinternal: Describes intramolecular structure and dynamics, including elec-
tronic states and vibrational modes.

– Ψrot: Represents the molecule’s spatial orientation and rotational motion.
– Ψtrans: Governs translational motion of the center of mass, described by a

wavepacket.

4.3.1 Rotation of Molecules

• In general, the orientation of a molecule in space is described by three Euler
angles (θ, Ψ, ϕ).

• In the case of diatomic molecules the rotation around bond axis (Ψ) is no associ-
ated with a moment of inertia (assuming point masses m1 and m2 for the nuclei)
and rotational energy.

• The time-independent Schrödinger equation ĤΨrot = ErotΨrot where the Hamil-
tonian operator is

H = −
h̄2

2µ
∆ = −

h̄2

2I

[
1

sin θ

∂

∂θ

(
sin θ

∂

∂θ

)
+

1
sin2 θ

∂2

∂ϕ2

]
. (4.28)

Here I = µr2
0 is the molecule’s moment of inertia in terms of its reduced mass,

µ = m1m2/(m1 + m2), and the bond length r0.

• The same as the hydrogen atom where the wavefunctions Ψrot are the spherical
harmonic functions YMJ

J (θ, ϕ).



51 4.3. Rotational Spectroscopy

• The rotational energies is therefore

E(J) =
h̄2

2I
J(J + 1) (4.29)

and are (2J + 1)-fold degenerate, corresponding to the values MJ = −J,−J +
1, . . . , J − 1, J.

• Spectroscopists often use the unit of wavenumber cm−1 to express the energy
where 1cm−1 = J/hc, with c = 3 × 1010 cm · s−1. Hence

F(J) =
E(J)
hc

= BJ(J + 1), B =
h̄2

2Ihc
=

h
8π2cI

(4.30)

where B = h̄2/2Ihc = h/8π2cI is the molecule rotational constant (in cm−1).

• Rotational energies are very low compared to thermal energy kBT. At room
temperature this corresponds to 25 meV or 200 cm−1.

• For typical diatomic molecules, such as N2 has a rotational constant of about
2 cm−1.

4.3.2 Rigid Rotor Transitions

• A rotating molecule can emit or absorb a photon when making a transition be-
tween energy levels.

• The corresponding selection rules can be derived from non vanishing transition
dipole integral

d =

∫
V

Ψ∗
f d̂ΨidV (4.31)

where d̂ is the electric dipole moment operator.

• The radial part always gives a contribution which is not relevant for selection
rules. Therefore we consider solely the angular part

d =

∫
V

(
Y

MJ′
J′
)∗d̂Y

MJ′′
J′′ sin θdθdϕ. (4.32)

• The integral (4.32) is zero unless ∆J = J′ − J′′ and ∆MJ = MJ′ − MJ′′ fulfill the
following conditions

∆J = ±1, ∆MJ = 0,±1.

• The population probability for a rotational level reads

P(J) = N(2J + 1)e−
h̄2 J(J+1)

2IkBT . (4.33)
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4.3.3 Centrifugal Distortion

• When a non-rigid (real) molecule rotates, its nuclei are affected by centrifugal
forces which become stronger with increasing rotation.

• The molecule’s moment of inertia become stronger. Therefore, the effective rota-
tional constant B decreases.

• The size of this effect is related to the atomic masses, the bond length, and
the bond force constant k. Thus, the energetic separation between rotational
transitions is reduced due to the additional term in the energy formula for the
rotation energy levels

F(J) = BJ(J + 1)− D[J(J + 1)]2 (4.34)

where D is rotational constant that is smaller than B

D =
h3

32π4µ2kcr6 . (4.35)

• A more accurate formula for rotational wavenumbers is

ν̃ = F(J + 1)− F(J) = 2B(J + 1)− 4D(J + 1)3. (4.36)

4.3.4 Polyatomic Molecules

• A linear polyatomic molecule, such as HCN and C2H2 can be treated similarly
as above: it has a unique rotational constant B that depends on the moment of
inertia

I =
∑

i

mir2
i (4.37)

where ri is the distance from the atom i from the center of the mass and mi is
the atomic mass.

• For a linear and diatomic molecules, there is only one rotational axis, for example,
the axis perpendicular to intermolecular axis passing through the center of mass.

• In the case of nonlinear polyatomic molecules, we can identify three principal
rotational axes associated with the principal moments of inertia, labeled as Ia ≤
Ib ≤ Ic which corresponds to the three rotational constants,

A =
h

8π2cIa
, B =

h
8π2cIb

, C =
h

8π2cIc
. (4.38)
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• It is useful to classify polyatomic molecules based on the values of Ia, Ib, and Ic:

– Ia = Ib = Ic: spherical top (e.g., CH4, SF6);
– Ia = Ib < Ic: oblate symmetric top (e.g., BF3, NH3, C6H6);
– Ia < Ib = Ic: prolate symmetric top (e.g., CH3Cl, CH3CN);
– Ia < Ib < Ic: asymmetric top (e.g., H2O, C6H5OH);

E The moment of inertia of a molecule, considered as a rigid collection of point
masses, mi, can be represented by the tensor

I =

Ixx Ixy Ixz

Ixy Iyy Iyz

Ixz Iyz Izz

 ,

where

Ixx =
∑

i

mi(y2
i + z2

i ), Iyy =
∑

i

mi(x2
i + z2

i ), Izz =
∑

i

mi(x2
i + y2

i ),

Ixy = −
∑

i

mixiyi, Iyz = −
∑

i

miyizi, Ixz = −
∑

i

mixizi.

The atomic positions, (xi, yi, zi), are measured relative to the molecular center
of mass in an arbitrary coordinate frame. There exists a transformation of the
coordinate frame such that this matrix is diagonal: the axes of this transformed
frame are called the principal axes and the diagonal inertia matrix elements,
Ia ≤ Ib ≤ Ic, are the principal moments of inertia. It is with respect to these
axes that the molecular moments of inertia are usually reported. Furthermore, in
spectroscopy, it is conventional to define the rotational constants given in (4.38),
which are reported in wavenumber units (cm−1).

1. The file CHCl3.dat contains the positions of the atoms in the molecule CHCl3
in XYZ format. Determine the rotational constants for this molecule and

classify it as a spherical, oblate, prolate, or asymmetric top.
2. Repeat this exercise for hydrogen peroxide using the file H2O2.dat
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4.3.5 Symmetric Top Molecules

• The Hamilton operator for the rotational energy of a non-linear polyatomic
molecules is

Hrot =
J2

a
2Ia

+
J2

b
2Ib

+
J2

c
2Ic

(4.39)

where the total rotational angular momentum operator J2 = J2
a + J2

b + J2
c .

• For a symmetric top, two of Ia, Ib, and Ic are equal, the Hamiltonian (4.39) can
be written as follows:

Hrot =
J2

a
2Ia

+
1

2Ib
(J2

b + J2
c ), (prolate tops, Ib = Ic)

=
J2

a
2Ia

+
1

2Ib
(J2 − J2

a)

=
J2

2Ia
+ J2

a

(
1

2Ia
−

1
2Ib

)
, (4.40)

Hrot =
1

2Ib
(J2

a + J2
b) +

J2
c

2Ic
, (oblate tops, Ia = Ib)

=
1

2Ib
(J2 − J2

c ) +
J2

c
2Ic

=
J2

2Ib
+ J2

a

(
1

2Ic
−

1
2Ib

)
. (4.41)

• In a prolate symmetric rotator molecule, such methyl iodide, J need not be per-
pendicular to the a-axis. Considering the Ja operator to represent the rotation
of the molecule around the z-axis, Ja can take only the values h̄K, where K is a
second rotational quantum number, the corresponding energy levels are therefore

F(J, K) = BJ(J + 1) + (A − B)K2. (4.42)

• Similarly, for oblate tops the energy levels are

F(J, K) = BJ(J + 1) + (C − B)K2. (4.43)



55 4.3. Rotational Spectroscopy

• In general, h̄K is the projection of J onto the symmetry axis of the symmetric top.
K takes the values (2J + 1) −J ≤ K ≤ +J. Each state (J, K) is also (2J + 1)-fold
degenerate.

• Since J cannot be smaller than K, each rotational term ladder starts with a J
value Jmin = K. For prolate symmetric tops the energies for a given J increase
with increasing K ( see case (a) in the figure below). For oblate symmetric tops
the energies for a given J decrease with increasing K ( see case (b) in the figure
below).

• The selection rules
∆J = ±1, ∆K = 0 (4.44)

include ∆K = 0 results in the expression for the transition frequencies or wavenum-
bers

ν(or ν̃) = F(J + 1, K)− F(J, K)

= 2B(J + 1) (4.45)

means that the rotation around the symmetry axis does not change the elec-
tric dipole, i.e. the transition between the rotational states is not induced by
interaction with light.

• The requirement that the molecule must have a permanent dipole moment applies
to symmetric rotors also.
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E In the NO molecule the distance between nitrogen (14N) and the oxygen (16O)
atom is 0.115 nm.

– Calculate the moment of inertia of the molecule.
– What is the frequency of the transition from the J = 2 to J = 3 level?

E The phosphine molecule, PH3, is an oblate symmetric top with rotational con-
stants, A = B = 4.524 cm−1 and C = 3.919 cm−1.

a) The file PH3-spec.txt, available at https://scipython.com/chem/cal/,
provides a low-pressure, high-resolution spectrum of phosphine in the region
ν̃ = 0 − 200 cm−1.

– Make a plot, similar to Figure 4.2, of the expected rotational absorption
spectrum of PH3.

– Does it resemble that of a diatomic molecule?

Fig. 4.2: Rotational spectrum of PH3.

b) For larger J some more structure is apparent, therefore, zoom in on the region
between 140 − 160 cm−1 and label the group of lines by their J + 1←− J.

– What is the reason behind this structure?
c) When centrifugal distortion is taken into account in phosphine molecule, the

rotational energy levels become

ν̃ = 2B(J + 1)− 4DJ(J + 1)3 − 2DJKK2(J + 1).

– How many lines do you expect for the J = 17←− 16 transition?
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– Use the above expression for ν̃ to fit the observed J = 17←− 16 transi-
tion wavenumbers, which can be read in from the file PH3-lines.txt.
What are the values of fitted parameters B, DJ and DJK?

4.4 Born-Oppenheimer Separation

• Neglecting spin the molecular Schrödinger equation reads

HmolΨ(r; R) = EΨ(r; R). (4.46)

• Born-Oppenheimer idea (1927)

– mel/Mn < 10−3: nuclei move much slower than electrons. The motion
of the electrons and of the nuclei occur on different timescales and can be
treated separately.

– For electrons the world changes slowly.

– Electrons see a ”frozen” potential due to the nuclei. Only the position of
the nuclei and not their speed is relevant for the electronic wavefunction.

– Nuclei can be considered as fixed and electrons are always in a stationary
state (only adiabatic changes possible).

• Let us define an electronic Hamiltonian with parametric dependence on nuclear
coordinates as

Hel(R) = Tel + Vel−nuc + Vel−el

Hel(R)ψa(r; R) = Ea(R)ψa(r; R). (4.47)

• Assuming that adiabatic electronic wave functions ψa(r; R) = ⟨r, R|ψa⟩ define a
complete basis in the electronic Hilbert space.

• This allows to expand the total molecular wave function as

Ψ(r; R) =
∑

a
χa(R)ψa(r; R). (4.48)
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Hence

HmolΨ(r; R) = (Hel(R) + Tnuc + Vnuc−nuc)
∑

a
χa(R)ψa(r; R)

=
∑

a
[Ea(R) + Vnuc−nuc]χa(R)ψa(r; R)

+
∑

a
Tnucχa(R)ψa(r; R)

= E
∑

a
χa(R)ψa(r; R). (4.49)

• Multiplying of Eq. (4.49) by ψ∗
b (r, R) from the left and integration over all elec-

tronic coordinates yields∫
drψ∗

b (r; R)HmolΨ(r; R) = [Eb(R) + Vnuc−nuc]χb(R)

+
∑

a

∫
drψ∗

b (r; R)Tnucψa(r; R)χa(R)

= Eχb(R). (4.50)

• Since the electronic wave functions depend on the nuclear coordinates and Pn =

−i h̄∇n we have

Tnucψa(r; R)χa(R) =
∑

n

1
2Mn

{
[P2

n ψa(r; R)]χa(R)

+2[Pnψa(r; R)]Pnχa(R)

+ψa(r; R)P2
n χa(R)

}
. (4.51)

• The last term represents kinetic energy operator acting on χa(R). The remaining
terms can be combined into the so-called nonadiabaticity operator (change of
electronic wave function)

Θab =

∫
drψ∗

a (r; R)Tnucψb(r; R)

+
∑

n

1
Mn

[ ∫
drψ∗

a (r; R)Pnψb(r; R)
]

Pn. (4.52)

• Thus, we obtain an equation for expansion coefficients χa(R) that reads

(Tnuc + Ea(R) + Vnuc−nuc + Θaa − E)χa(R) = −
∑
b ̸=a

Θabχb(R). (4.53)
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• The later is an exact stationary Schrödinger equation for the nuclear wave
function χa(R).

• The solution to Eq.(4.53) requires the knowledge of electronic spectrum for all
configurations of nuclei during their motion.

• The nonadiabaticity operator accounts for finite kinetic energy of nuclei and trig-
gers transitions between individual adiabatic electronic states.

• Introducing an effective potential if the electronic system is in its adiabatic state
|ψa⟩:

Ua(R) = Ea(R) + Vnuc−nuc(R) + Θaa. (4.54)

• The formal solution to Eq.(4.53) is χaM(R) = ⟨R|χaM⟩. The index M denotes the
(set of) vibrational quantum numbers related to the total electronic spectrum.

• The molecular wave function is

ΨM(r; R) =
∑

a
χaM(R)ψa(r; R). (4.55)

• Born-Oppenheimer Approximation: Θab = 0.

• Adiabatic Approximation: Θa ̸=b = 0.

• The nuclear Schrödinger equation reads

Ha(R)χa(R) = (Tnuc + Ua(R))χa(R) = Eχa(R), (4.56)

where electronic state specific solutions are labeled by M.

• The adiabatic molecular wave function in Born-Oppenheimer approximation
is

Ψ(adia)
aM (r; R) = χaM(R)ψa(r; R). (4.57)

E Given the following ansatz for the total molecular wave function

Ψ(r; R) =
∑

i

χi(R)ψi(r; R) (4.58)

where ψi(r; R) is the adiabatic electronic wave function and χi(R) the nuclear
wave function for electronic state i.
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– Show that the matrix elements of the nuclear kinetic energy operator∫
drψ∗

j (r; R)T̂nucψi(r; R)

are given by the nonadiabaticity operator (Mn mass of n-th nucleus)

Θ̂ij =

∫
drψ∗

i (r; R)T̂nucψj(r; R)

+
∑

n

1
Mn

[ ∫
drψ∗

i (r; R)P̂nψj(r; R)
]

P̂n. (4.59)

4.4.1 Potential Energy Surfaces

• Consider adiabatic Born–Oppenheimer PES (Θab = 0) for a particular electronic
state

Ua(R) = Ea(R) + Vnuc−nuc(R). (4.60)

• This is function of all the 3Nnuc nuclear coordinates R (remember the notation
R = (R1, . . . , R3Nnuc)).

• In total 3Nnuc − 6 intramolecular coordinates are necessary to completely specify
the internal energy of the molecule (3Nnuc − 5 for linear molecules).

• The gradient of the potential reads

∇Ua(R) = {∂Ua(R)/∂R1, . . . , ∂Ua(R)/∂R3Nnuc}. (4.61)

• The stationary points R(a) are obtained as follows

∇Ua(R)|R=R(a) = 0, (4.62)

• The nature of stationary point is determined from 3Nnuc × 3Nnuc force constant
matrix (Hessian)

κ
(a)
mn =

∂2Ua(R)
∂Rm∂Rn

(m, n = 1, . . . , 3Nnuc). (4.63)

• For more than two coordinates in fact potential energy hypersurface.

• In many cases the discussion can be restricted to one important coordinate. This
defines the potential energy curves.
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Fig. 4.3: Schematic view of a typical potential energy curve of a diatomic molecule.
Here, Req denotes the equilibrium bond length and D0(De) the dissociation energy
which does (does not) take into account the quantum mechanical zero–point energy.
Lower panel: case with unbound excited state.

4.5 Molecular Vibrations

• The main approximations for potential energy curves are:

1. Parabolic Potential: comprises constant and quadratic term, simplest ap-
proximation near minima, leading terms of Taylor expansion, harmonic
oscillator.

2. Morse potential: accounts for anharmonicities, qualitatively correct also
for large displacements, analytically solvable.
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Fig. 4.4: Comparison of parabolic and Morse potentials with the real (experimental)
potential.

4.5.1 The Harmonic Oscillator

• The simplest model used for describing vibrations in diatomic molecules is one-
dimensional harmonic oscillator. The potential energy reads

U(x) =
1
2

kx2 (4.64)

where x = R − Re is the equilibrium distance, R is the instantaneous interatomic
separation, Re is the equilibrium bond length and k being the bond force constant.

• The harmonic oscillator Hamiltonian is

Ĥ = −
h̄2

2µ

d2

dx2 +
1
2

kx2 (4.65)

where µ is the reduced mass of the two atoms.

• This models any real potential in the vicinity of its equilibrium point.

• Solving the time-independent Schrödinger equation, Ĥψ = Eψ, yields the
energies

Ev = h̄ω0

(
v +

1
2

)
, v = 0, 1, 2, . . . (4.66)

with vibrational angular frequency ω0 =
√

k/µ, and the wavefunctions

ψv(q) = NvHv(q)e−q2/2, q = (µk/ h̄2)1/4x (4.67)
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where Nv = (
√

π2vv!)−1/2 is a normalization constant and Hv(q) is the Hermite
polynomials of the order v, defined as

Hv(q) = (−1)veq2 dv

dqv

(
e−q2

)
. (4.68)

• Here we list the first few Hermite polynomials

H0(q) = 1

H1(q) = 2q

H2(q) = 4q2 − 2

H3(q) = 8q3 − 12q

H4(q) = 16q4 − 48q2 + 12

• The Hermite polynomials fulfill the recurrence relation

Hv+1(q) = 2qHv(q)− 2vHv−1(q), (4.69)

hence given the first two polynomials, H0 = 1 and H1 = 2q, all other terms can
be obtained.

• In spectroscopy, the terms values G(v) = Ev/(hc) are used instead of the energy
eigenvalues. The equation (4.66) becomes

G(v) = ωe

(
v +

1
2

)
, ωe = ω0/(2πc). (4.70)

• An important feature is that the lowest level v = 0 is not at the zero of energy.
According to Eq.(4.70) the energy of v = 0 is ωe/2, known as the zero-point
energy. The vibrational energy levels can never be less than the zero-point en-
ergy, even when the sample is cooled down to 0 K. This is due to Heisenberg’s
uncertainty principle.

4.5.2 The Anharmonic Oscillator

• For larger vibrational quantum numbers v, the vibrational states of a real molecule
converge with frequencies differs significantly from the constant frequency ω0 of
the harmonic oscillator.

• The true interatomic potential is not a parabola since real diatomic molecules
dissociate at high excitation.
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• An appreciable model for real molecule is the Morse potential

U(x) = De[1 − e−ax]2, (4.71)

where De is the molecule’s dissociation energy (measured from the bottom of the
potential), the parameter a =

√
ke/2De and ke = (d2U/dx2)|x=0 is the bond

force constant at the bottom of the potential well.

• The Schrödinger equation for Morse potential can be solved exactly, and the
corresponding energies are

G(v) = ωe

(
v +

1
2

)
− ωexe

(
v +

1
2

)2

, (4.72)

where

ωe =
a

2πc

√
2De

µ
and ωexe =

ω2
e

4De
(4.73)

are the equilibrium harmonic frequency and the anharmonicity constant, respec-
tively.

E The binding potential of a diatomic molecule is well described by a Morse po-
tential (4.71). The vibrational spectrum of the CO molecule shows a fundamental
band at 2143 cm−1 and the first overtone band at 4260 cm−1. The observed bands
can be used to estimate the parameters ωe and ωexe:

ν̃v=0−→1 = ωe − 2ωexe = 2143 cm−1,
ν̃v=0−→2 = 2ωe − 6ωexe = 4260 cm−1.

– Use this information to infer the Morse parameters, De and a.

– Deduce the value of bond strength which is the energy required to dissociate
the molecule from its ground state (v = 0, with energy G(0) = ωe/2 −

ωexe/4).

– The vibrational energy levels converge with increasing quantum number v.
Calculate the highest energy level, vmax from the condition

dG(v)
dv

∣∣∣∣
v=vmax

= 0.

– Calculate the classical turning points x± from matching the above formula
for U(x) to an arbitrary energy level Ev.
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– Make a plot for the potential energy curve and energy levels as horizontal
lines between the classical turning points by creating a suitable array of
bond displacements, x = R − Re and using the Morse oscillator formula
for U(x).

– The rotational constants for CO molecule are 1.9314 cm−1 and 1.6116 cm−1

in the ground and in the first excited vibrational state, respectively. By
how much does the internuclear distance change as a result of vibrational
excitation?

E Consider the RbH molecule. Its reduced mass can be very well approximated by
the mass of the hydrogen atom (why?). The binding potential is well described
by a Morse potential

U(R) = De[1 − e−a(R−Re)]2 (4.74)

with Re = 236.7 pm, the dissociation energy De = 1.922 eV, and a = 0.009162 pm−1.

– Calculate the force constant, k, and the rotational constants B and D, which
account for the centrifugal distortion up to first order.

– Calculate the rotational transition energies for J = 0 −→ 1, 5 −→ 6, and
10 −→ 11.

– Sketch the effective potential for J = 0, 40, 80, 100.

4.6 Vibrational Spectroscopy

4.6.1 Electromagnetic Vibrational Transitions

• Electromagnetic radiation with resonant frequency can be radiated or absorbed
by transitions between vibrational levels.

• The electric dipole moment of the molecule varies periodically with the frequency
of the vibration.

• Only vibrations which change the dipole moment are infrared active. Frequently
vibrations are infrared inactive due to symmetry reasons, e.g. symmetric stretch
vibration CO2.

• The vibrational spectra are located in the infrared spectral region. Furthermore,
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– the energies of molecular vibrations are ranged, roughly, from 100 cm−1 to
4000 cm−1 and

– the wavelength region varies from 100 µm to 3 µm.

• The selection rule for harmonic oscillator ∆v = 1.

• For most diatomic molecules, the energy gap, G(1)− G(0) in Eq.(4.72), between
the v = 0 ground state and the v = 1 first excited state is of the order of
1000 cm−1. The ratio of the populations of these states is

n1

n0
= exp

(
−

∆E
kBT

)
= exp

(
−

[G(1)− G(0)]hc
kBT

)
, (4.75)

which is less than 1% at room temperature, i.e. most of the molecules are in the
v = 0 ground state.

• The fundamental vibrational band, corresponding to the transition v = 0 −→ 1,
occurs at the following wavenumber

ν̃v=0−→1 = G(1)− G(0) = ωe − 2ωexe (4.76)

• The overtone bands, for which (∆v > 1) are observed at wavenumbers

ν̃v=0−→v = G(v)− G(0) = ωev − ωexev(v + 1). (4.77)

• The overtone intensity is about a factor 10 weaker than the fundamental ones.

4.6.2 Normal Modes

• The geometry of molecule with N atoms can be described by 3N − 6 internal
coordinates (linear molecule by 3N − 5 ), which characterize the positions of the
nuclei relative to each other, e.g. H2O has 3 internal coordinates and 4 for CO2
molecule.

• In molecules exist complex vibrational motions, to which many atoms contribute.

• The restoring forces are to first order linear with the displacements.

• These vibrations can be decomposed in normal modes which behave like one
dimensional harmonic oscillators.

• This is analogous to eigenmodes (resonant vibrations) of coupled oscillators and
of macroscopic objects.
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4.6.2.1 Harmonic Approximation and Normal Mode Analysis

• Let us focus on the nuclear dynamics in vicinity of stationary point R(a) where
Ua(R) has a minimum. For small deviations, ∆R(a)

n = R(a)
n −R(a), (n = 1, . . . , 3Nnuc)

we perform Taylor expansion.

• The Hamiltonian for the nuclear degrees of freedom in the adiabatic approxima-
tion reads

Ha = Ua(R(a)) +
3Nnuc∑
n=1

P2
n

2Mn
+

3Nnuc∑
m,n=1

1
2

κ
(a)
mn∆R(a)

m ∆R(a)
n + · · ·
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(4.78)

where we neglect all higher order terms beyond the quadratic term.

• Introducing linear transformation to mass-weighted normal mode coordinates qa,ξ

∆R(a)
n =

∑
ξ

M−1/2
n A(a)

nξ qa,ξ , (4.79)

to diagonalize the potential energy part since the kinetic energy operator is diag-
onal due to the Cartesian property of the displacements. Hence we obtain

Ha = Ua(qa,ξ = 0) + H(mn)
a (4.80)

where
H(mn)

a =
1
2

∑
ξ

(p2
ξ + ω2

a,ξq2
a,ξ). (4.81)

• Here ωa,ξ being the normal mode frequencies where ω2
a,ξ are the nonzero eigen-

values of the Hessian matrix κ
(a)
mn.
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• The corresponding energy eingenvalues are

EaN =
∑

ξ

h̄ωa,ξ(Nξ +
1
2
) Nξ = 0, 1, 2, . . . (4.82)

with N = N1, N2, . . ..

• The nuclear motion (4.81) can be understood as a superposition of independent
harmonic vibrations where the oscillations of the individual atoms have all the
same frequency ωa,ξ , but different amplitudes determined by their masses (cf.
Eq. (4.79)).

• Using product ansatz for multidimensional wave function

χ
(adia)
aN (q) =

∏
ξ

χ
(adia)
aNξ

(qa,ξ) (4.83)

yields
H(mn)

a χ
(adia)
aN (q) = EaNχ

(adia)
aN (q), (4.84)

where

χ
(adia)
aNξ

(qa,ξ) =

√
λa,ξ√√

π2Nξ Nξ !
exp

(
−

1
2

λ2
a,ξq2

a,ξ

)
HNξ

(λa,ξqa,ξ), (4.85)

with λ2
a,ξ = ωa,ξ/ h̄ (HNξ

are Hermite polynomials).

• In the case of two electronic states (ground sate g and excited state e), a = g/e, we
expand the potential Ue(R) into a Taylor series in the vicinity of the stationary
point R(e):

Ue(R) = Ue(R(e)) +
3Nnuc∑
m,n=1

1
2

κ
(e)
mn∆R(e)

m ∆R(e)
n . (4.86)

• Assuming that both states have same normal modes qξ = qg,ξ we can write

∆R(e)
n = Rn − R(g)

n − (R(e)
n − R(g)

n ) =
∑

ξ

M−1/2
n A(g)

nξ (qξ − q(e)ξ ). (4.87)

• In general, the shifted-oscillator Hamiltonian for a state ϕa reads

Ha = Ua(qξ = q(a)
ξ ) +

1
2

∑
ξ

(
p2

ξ + ω2
a,ξ(qξ − q(a)

ξ )2
)

, (4.88)
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Fig. 4.5: Displacement vectors for the three normal modes of water. The different
amplitudes are determined by the atomic masses (cf. Eq. (4.79)).

and the corresponding wave functions are

χaNξ
(qξ) =

√
λa,ξ√√

π2Nξ Nξ !
exp

(
−

1
2

λ2
a,ξ(qξ − q(a)

ξ )2
)

HNξ
(λa,ξ(qξ − q(a)

ξ )).

(4.89)

E Anharmonic coupling can lead to transitions between eigenstates of different har-
monic oscillators corresponding, for instance, to bond stretching and bending vi-
brations. Consider such a two-mode case that can be described by the oscillator
Hamiltonian

H(Q1, Q2) =
∑

ξ=1,2

h̄ωξ

4
(P2

ξ + Q2
ξ),

expressed in dimensionless coordinates (qξ/pξ are original mass-weighted oscilla-
tor coordinates/momenta)

Qξ = qξ

√
2ωξ

h̄
, Pξ = pξ

√
2

h̄ωξ
.

The eigenstates of this uncoupled Hamiltonian can be written as |N1; N2⟩ ≡
|N1⟩ ⊗ |N2⟩. In second order of perturbation theory with respect to some anhar-
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Fig. 4.6: Shifted harmonic oscillator potential surfaces for two electronic states which
are described by the same normal coordinate qξ .

monic coupling operator V, transition rates between uncoupled states are given
by the Golden rule

kN1,N2−→M1,M2 =
2π

h̄
|⟨N1; N2|V|M1; M2⟩|2δ(EN1,N2 − EM1,M2).

Calculate matrix elements, ⟨N1; N2|V|M1; M2⟩, for the anharmonic coupling of
the form

V(Q1, Q2) = cQ1Q2
2

specified to |N1 = 0; N2 = 1⟩ and |M1 = 0, 1, 2; M2 = 1⟩. Discuss the conse-
quences for the transition rate between these states.
Hint: Introduce oscillator creation and annihilation operators!

4.7 Vibration–Rotation Transitions

• For real molecules, rotational states have energy levels that are much closer to-
gether than vibrational states (see Figure (4.7)). Within transitions between vi-
brational states, the rotational quantum number J can either increase or decrease
resulting an increase in the molecule’s energy. These transitions can correspond
to the absorption of infrared light.
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Fig. 4.7: Rotational and vibrational levels in two different electronic states of a diatomic
molecule.

• Under the harmonic oscillator and rigid rotor approximations, the energies of the
allowed vibration-rotation transitions for a diatomic molecule can be described
via the following expressions:

Ev+1,J+1 − Ev,J =

[
h̄ω0

(
v +

3
2

)
+ B(J + 1)(J + 2)

]
−

[
h̄ω0

(
v +

1
2

)
+ BJ(J + 1)

]
= h̄ω0 + 2B(J + 1) (J −→ J + 1, "R-branch")

Ev+1,J−1 − Ev,J =

[
h̄ω0

(
v +

3
2

)
+ B(J − 1)J

]
−

[
h̄ω0

(
v +

1
2

)
+ BJ(J + 1)

]
= h̄ω0 − 2BJ (J −→ J − 1, "P-branch")

• The vibration-rotation absorption spectrum of a linear molecule is characterized
by two sets of lines: a P-branch at lower energy and a R-branch at higher energy.
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• These absorption lines correspond to different initial values of the rotational quan-
tum number J: P(J) and R(J). The first line of the P-branch corresponds to J = 1
(as ∆J = −1 and J cannot be negative) and occurs at h̄ω0 − 2B. The first line
of the R-branch corresponds to J = 0 and occurs at h̄ω0 + 2B.

• The presence of a gap between P(1) and R(0) (where the ”Q-branch”, correspond-
ing to ∆J = 0 is not allowed, i.e there is no transition at the pure vibrational
frequency h̄ω0) suggests to find the maximum spacing between the peaks: The
lines with lower wavenumbers are P(1), P(2), P(3) . . . ; those at higher wavenum-
bers R(0), R(1), R(2) . . . .

• The relative intensities of the different lines with different J values are determined
by their thermal populations, as discussed for pure rotational spectroscopy. Figure
(4.8) depicts an example of a calculated diatomic vibration–rotation absorption
spectrum. Nonlinear molecules also exhibit a transition at energy h̄ω0 with
∆J = 0, namely ”Q-branch” is shown in Figure (4.9).

Fig. 4.8: Vibration–rotation spectrum for a rigid rotor/harmonic oscillator model of
the CO molecule at 298 K. B = 1.93 cm−1 and ω0 = 2143 cm−1.

E The high-resolution infrared absorption spectrum of a typical diatomic molecule
exhibits signals caused by transitions between its energy levels, namely rotational
and vibrational states. In real molecules, the vibrational motion is described
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Fig. 4.9: Vibration–rotation spectrum for a rigid rotor/harmonic oscillator model of
the CH3Cl molecule at 298 K. B = 0.44 cm−1 and ω0 = 2968 cm−1.

via anharmonic oscillators. The bands match a change in the vibrational quan-
tum number (∆v = 0, 1, 2, . . . ). In addition, they can be observed with sufficient
sensitivity, where the fundamental band (v = 0→ v = 1) is expected to be signif-
icantly the strongest. Each band comprises individual transition lines that involve
a change in the rotational quantum number, ∆J = ±1 (for a closed-shell diatomic
molecule). The group of lines with ∆J = −1 is known as the P-branch, while
those with ∆J = +1 define the R-branch. The files, CO-v01.txt and CO-v02.txt,
which can be downloaded from https://scipython.com/chem/cas/, contain the
infrared absorption spectrum of carbon monoxide CO, measured in the region of
the fundamental (v = 0 → v = 1) and first overtone (v = 0 → v = 2) bands,
respectively.

1. Using Python make a plot for the fundamental infrared absorption band
of carbon monoxide and identify the rovibrational peaks in the P- and R-
branches.

2. Using the data in the file CO-v02.txt, identify the number of peaks for the
first overtone band.

3. By fitting the spectrum, provide an estimation for the spectroscopic pa-
rameters ωe, ωexe, B, αe and D given in the following expression for the
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rovibrational energy levels

E(v, J) = ωe

(
v+

1
2

)
−ωexe

(
v+

1
2

)2

+

[
B−αe

(
v+

1
2

)]
J(J + 1)−D[J(J + 1)]2.

4. Use the fitted parameters to predict the locations of lines that are not ob-
served in the measured spectrum.

5. Plot the residuals for all of the fitted lines on a scatter plot.

4.8 Electronic Spectroscopy

• Electronic absorption bands are usually in the visible and ultraviolet ranges.

• Each electronic state has its own potential energy surface.

• Each electronic band contains many lines. They correspond to electronic transi-
tions with different rotational and vibrational levels (see Fig.4.10).

Fig. 4.10: Schematic representation of the structure of molecular transitions.

4.8.1 Spectroscopic Notation for Diatomic Molecules

• In molecules, the total orbital angular momentum of electrons is not conserved
due to the coupling with the motion of nuclei. However, diatomic molecules



75 4.8. Electronic Spectroscopy

have an axial symmetry w.r.t the axis joining both nuclei which implies that
the projection of electrons’ total orbital momentum onto the molecular axis is
conserved. Hence, molecular term symbols are classified according to the absolute
value of this projection, Λ.

1. For diatomic molecules, we have

Λ = 0 −→ Σ
Λ = 1 −→ Π
Λ = 2 −→ ∆
Λ = 3 −→ Φ

... ...

2. An additional subscript + or − is added to Σ terms only, depending whether
the molecular wavefunction changes sign under reflection through a plane
passing through the molecular axis. Molecular states that change sign after
reflection are denoted with − and those which do not are labeled with +.

3. The total spin of the electrons is denoted as an additional degree of degen-
eracy, 2S + 1, to the spectroscopic notation for electronic terms

2S+1Λ±.

4. The total electronic angular momentum (spin plus orbital, the equivalent
for J for atoms), denoted as Ω, is included as a subscript in spectroscopic
notation:

2S+1Λ±
Ω.

5. In the case of homonuclear molecules or dimers, the symmetry about the
center of mass has to be taken into account. If we perform a transformation
inverting the position of electrons w.r.t the center of mass (⃗r −→ −r⃗), the
square of the electronic wavefunction should be invariant. The wavefunctions
that do not change sign under this transformation are called gerade (g) and
those do change sign are labeled as ungerade (u). These German words
mean even and odd, respectively. This completes the overall spectroscopic
notation to be

2S+1Λ±
Ω, g/u.

4.8.2 Franck-Condon Factors

• A vibronic transition is transition from one specific vibrational level of an elec-
tronic state to a specific vibrational level of another electronic state.
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• Separating of the wavefunction Ψ of a molecular state in an electronic contribution
ψ and a nuclear wavefunction χ yields

Ψi(r, R) = ψi(r, R)χi(R).

• The transition matrix element between initial and final states reads

Mif =

∫
Ψ∗

f (r, R)e⃗rΨi(r, R)drdR

=

∫
ψ∗

f (r, R)χ∗
f (R)e⃗rψi(r, R)χ∗

i (R)drdR

⋍
∫

ψ∗
f (r, Re)e⃗rψi(r, Re)dr

∫
χ∗

f (R)χi(R)dR,

(4.90)

where the variation of the electronic wavefunction ψ with the nuclear coordinate
R is neglected and the electronic wavefunction is taken at the nuclear coordinate
Re at the equilibrium structure.

• Rewriting the square of transition matrix element as

M2
if = |d⃗if |

2FCif ,

with
d⃗if =

∫
ψ∗

f (r, Re)e⃗rψi(r, Re)dr

being the electronic transition dipole and

FCif =

∣∣∣∣ ∫ χ∗
f (R)χi(R)dR

∣∣∣∣2 (4.91)

is the so-called the Franck-Condon factor.

• The Franck-Condon factor reflects the overlap of the two nuclear wavefunc-
tions.

• The Condon approximation states that the nuclear coordinates are frozen during
the fast electronic transition. The transition is vertical, e.g. in a potential energy
diagram, as the nuclear coordinates do not change during the transition.

• The Franck-Condon factor characterizes the overlap between vibrational eigen-
functions of lower and upper electronic state.
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Fig. 4.11: Illustration of the Franck-Condon principle for vertical transitions with ∆v =

0 and ∆v > 0 in case of potential curves with R′′
e = R′

e (no shift) and R′′
e ̸= R′

e (shifted
potentials). With increasing shift of potentials higher ∆v are possible.

E Calculate the Franck-Condon overlap integrals ⟨χi(R)|χj(R)⟩ of the 0 → 0,
0→ 1 and 0→ 2 transitions for a shifted harmonic oscillator model in dependence
of the Huang-Rhys factor S. What is the ratio of the first two transitions for
S = 1?

• Consider a Franck-Condon progression in which the second peak is half as
strong as the first peak. How large is the dimensionless shift between the potential
in the ground and the electronically excited state? Assume that both potentials
are harmonic and have the same curvature.

4.8.3 Absorption

• Let us consider the process of light absorption within Born-Oppenheimer ap-
proximation where total Hamiltonian is time-dependent

H(t) = Hmol − dE(t). (4.92)

• For an electronic two state system the time-dependent Schrödinger equation
reads

i h̄
∂

∂t

(
|χg⟩
|χe⟩

)
=

(
T + Ug − E(t)dgg −dgeE(t)

−degE(t) T + Ue − E(t)dee

)(
|χg⟩
|χe⟩

)
. (4.93)
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In the following, we will consider the case of vanishing dipole moments (dgg =

dee = 0, e.g., homonuclear diatomics).

• The absorption of light from the electronic ground state to the electronic excited
state is discussed in context of Beer’s law which states that the intensity of the
electric field inside a medium decays exponentially as a function of the distance
travelled, i.e.

I(x) = I(x = 0) exp(−αx), (4.94)
where α is the absorption coefficient.

• The derivation starts from sample volume V with Nmol molecules and a surface
area A onto which light with frequency ω hits (assuming incidence perpendicular
to the surface along x only).

• The electric field is assumed to be monochromatic and directed along the dipole
moment vector

E(t) = E0(eiωt + e−iωt) (4.95)

• The change of radiation field energy in time interval dt due to absorption in the
interval dx is

dE = −
NmolAdx

V
h̄Ωkabsdt. (4.96)

Here Nmol Adx
V is the fraction of the molecules in the considered volume element,

kabs is the mean energy absorbed by one molecule within dt. Moreover, kabs is
the respective absorption rate constant which is according to the Golden Rule (at
zero temperature)

kabs =
2π

h̄
E 2

0

∑
MN

f (Eg,M)|⟨χe,N |deg|χg,M⟩|2δ( h̄ω − h̄ωeg − (Ee,N − Eg,M)),

(4.97)
where χa,N and Ea,N are the nuclear eigenstate and its energy, respectively, for
the electronic state a and the vibrational state N, and h̄ωeg is the bare electronic
energy gap.

• The thermal population of initial states reads

f (Eg,M) = exp{−Eg,M/kBT}
∑
M′

exp{−Eg,M′/kBT}. (4.98)

• Let us calculate the change of field energy density du = dE/Adx (nmol = Nmol/V
is the number density)

du
dt

= −nmol h̄ωkabs =
dI
dx

(4.99)
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where the last equality expresses the continuity equation.

• For monochromatic field the intensity after cycle averaging is given by

I = ⟨|S|⟩cycle =
c

2π
E 2

0 (4.100)

• Thus we have an expression for Beer’s law

dI
dx

= −nmol h̄ωkabs
2π

cE 2
0

I (4.101)

• Combining everything with Eq.(4.94) gives the absorption coefficient

α(ω) =
4π2ωnmol

c

∑
MN

f (Eg,M)|⟨χe,N |deg|χg,M⟩|2δ( h̄ω − h̄ωeg − (Ee,N − Eg,M)).

(4.102)

• The matrix ⟨χe,N |deg|χg,M⟩ can simplified to deg⟨χe,N |χg,M⟩ in accordance with
Condon approximation, which assumes that the transition dipole matrix elements
do not depend on the nuclear coordinate.

• Eq. (4.102) tells us that the absorption coefficient is determined by the square of
the so-called Franck-Condon factor, provided that the incoming photon is in
resonance with a transition.

α(ω) =
4π2ωnmol

3c
|deg|

2Dabs(ω − ωeg), (4.103)

with

Dabs(ω) =
∑
MN

f (Eg,M)|⟨χe,N |χg,M⟩|2δ( h̄ω − (Ee,N − Eg,M)) (4.104)

is the lineshape function.

• For the case of single harmonic vibrational coordinate having the same frequency
in ground and excited state an analytical solution is available.

• Introducing the Fourier representation of the Delta function, the lineshape func-
tion can be written as

Dabs(ω) =
1

2π h̄

∑
MN

∫
dt f (Eg,M)|⟨χe,N |χg,M⟩|2ei(ω−(Ee,N−Eg,M)/ h̄)t. (4.105)
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E Prove that the lineshape function reads

Dabs(ω) =
1
h̄

e−∆g2(1+2n(ωvib))
∑

M,N=0

1
M!

[∆g2(1 + n(ωvib))]
M

× 1
N!

[∆g2(n(ωvib))]
Nδ(ω − (N − M)ωvib), (4.106)

with

∆g =

√
2ωvib

h̄
(
q(g) − q(e)

)
(4.107)

is the dimensionless shift of potentials and

n(ωvib) =
1

exp{ωvib/kBT}− 1
(4.108)

is the Bose-Einstein distribution.

• The absorption coefficient becomes a collection of sharp lines corresponding to
transitions at frequencies (N − M)ωvib (vibrational progression).

• The zero–temperature case (ωvib = 0) is

Dabs(ω)
∣∣
T=0 =

e−∆g2

h̄

∑
M=0

∆g2M

M!
δ(ω − Mωvib), (4.109)

which is a sequence of sharp lines at frequencies ωeg + Mωvib with weighting
factors

wM = e−∆g2 ∑
M=0

∆g2M

M!
(4.110)

that follow from a so–called Poisson distribution.

• The maximal at M ≈ ∆g or, in terms of energies, at Mωvib ≈ h̄ωvib∆g2.

• The vibrational quantum number at which the absorption reaches its maximum
is given by the difference Ue(q = q(g)) − Ue(q = q(e)) = h̄ωvib∆g2 (vertical
transition) where ∆g2 defines the Huang-Rhys factor.

• The emission spectrum is along the same lines, where the difference between
absorption and emission maxima is Stokes shift.

S = 2 h̄ωvib∆g2. (4.111)
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Fig. 4.12: Stick spectrum of the absorption for ∆g = 1.5.

4.8.4 Fluorescence

• Fluorescence is a spontaneous emission by a dipole allowed transition from an
electronically excited state to the ground state (singlet states), typically S1 → S0.

• It is often assumed that the absorption spectrum corresponding to the lowest-
energy electronic transition of a molecule and the fluorescence spectrum arising
from emission from that same state should be mirror images of one another.

• Strickler-Berg symmetry: fluorescence spectrum is roughly mirror symmetric to
the first electronic absorption band S0 → S1.

• Mirror image symmetry in absorption and fluorescence requires that the same
pair of electronic states be involved, e.g. there is no internal conversion process
preceding emission.

• The potential energy surfaces for both states must have the same vibrational
frequencies (i.e. same curvature), although they may be displaced.

• The fluorescence must be long-lived enough that there is time to establish a
Boltzmann population of excited-state vibrational levels prior to emission, just as
absorption originated from a Boltzmann population of ground-state vibrational
levels.

• Vibrational relaxation in upper electronic state and FC0,v′ and FCv′′,0 of absorp-
tion and emission are equal, hence mirror symmetry with respect to v′ = 0 ↔
v′′ = 0 transition.
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• Stokes shift defined as shift of the 00-transition is due to low energy vibrations
and the relaxation process.

Fig. 4.13: Illustration of the absorption and fluorescence bands expected if internal con-
version is fast relative to fluorescence. The relative intensities of individual transitions
within the absorption and fluorescence bands are determined by the Franck-Condon
principle.

4.9 Raman Spectroscopy

• To discuss the classical picture of light scattering with molecules, suppose an
electric field E(t) = E0 cos(ωt) induces a dipole moment dind(t) in a molecule

dind(t) = ϵ0αE(t). (4.112)

• The proportionality constant α is the electronic polarizability of the molecule –
how much can the electric field disturb the electron density of the molecule from
its equilibrium?

• The electronic polarizability of the molecule can change when the atomic nuclei
move (due to molecular oscillations).
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• Expand α into Taylor series around equilibrium geometry along all normal os-
cillation modes q

α = α0 +
N∑

q=1

[(
∂α

∂q

)
q0

q +
1
2

(
∂2α

∂q∂q′

)
q0q′0

qq′ + · · ·
]

(4.113)

• Each normal mode can oscillate with its characteristic frequency ωq: q = q0 cos ωqt

• If we consider only one normal mode as an example, we find for the dipole moment

dind(t) =

[
α0 +

(
∂α

∂q

)
q0

q0 cos(ωqt)

]
E0 cos(ω0t) (4.114)

• This can also be written as

dind(t) = α0E0 cos(ω0t) +
1
2

(
∂α

∂q

)
q0

q0E0 cos
(
(ω0 − ωq)t

)
+

1
2

(
∂α

∂q

)
q0

q0E0 cos
(
(ω0 + ωq)t

)
(4.115)

• The oscillation at the frequency ω0 corresponds to elastically scattered light
(Rayleigh scattering).

• The oscillation at reduced frequency (ω0 − ωq) corresponds to inelastically scat-
tered (Stokes) light, the frequency change corresponds to the molecular vibration
frequency.

• The oscillation at increased frequency (ω0 +ωq) corresponds to inelastically scat-
tered (Anti-Stokes) light.

• Both Stokes and Anti-Stokes scattering only occur for
(

∂α
∂q

)
q0
̸= 0.

• This gives a selection rule for Raman-active molecular vibrations: the polariz-
ability of the molecule needs to change due to the oscillation.

• Instead of inelastic scattering of visible light, molecular vibrations can directly
absorb infrared light.

• The selection rule for infrared absorption for molecules is that the molecular dipole
moment needs to change during the oscillation.
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• Very often, specific molecular vibrations (or phonons in solid state) are either
Raman-active or infrared-active. Both spectroscopy methods can be combined
to yield a more complete picture.

• We calculate the intensity of the inelastically scattered light based on the classical
picture focusing on the Stokes side

dStokes(t) ∝
1
2

(
∂α

∂q

)
q0

q0E0 cos
(
(ω0 − ωq)t

)
. (4.116)

• The total power P emitted by a Hertzian dipole is given by

P =

∣∣d̈Stokes(t)
∣∣2

6πϵ0c3 =
q2

0
12πϵ0c3

(
∂α

∂q

)2

q0

(ω0 − ωq)
4E2

0. (4.117)

Thus, the Stokes intensity is proportional to

IStokes ∝
(

∂α

∂q

)2

q0

(ω0 − ωq)
4E2

0 (4.118)

• The Stokes intensity is proportional to incident laser power E2
0. Additionally, it

increases with the fourth power of the excitation frequency IStokes ∝ ω4
0.

• Short-wavelength excitation yields larger Raman signals – without sample-induced
effects, going from 800 nm to 400 nm excitation yields a factor of 16.

• If a molecule exhibits symmetry, totally symmetric modes are IR inactive but
Raman active (and optically active) while antisymmetric modes behave the other
way round. If the symmetry is not perfectly fulfilled all modes show up in all
spectra but the intensities are small for symmetry forbidden bands.

• As an example, we present schematically IR and Raman spectrum of CO2
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• The Raman effect is of very general nature. In principle it can occur whenever
a quantized excitation is possible. The scattered light contains then frequency
components which are shifted by the excitation quantum to lower (Stokes) or to
higher (anti-Stokes) energies. In the second case the higher level of the quantized
excitation has to be populated prior to the scattering event.

• For molecules in the gas phase this applies to pure rotational excitations but also
to rotational levels of vibrational excitations.
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